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A b s t r a c t
A new l i q u i d - l i q u i d  e x t r a c t o r  c a l l e d  t h e  o s c i l l a t i n g  
B a f f l e  Column i s  d e s c r i b e d .  I t s  p e r f o r m a n c e  v a r i o u s  
b a f f l e  o s c i l l a t i n g  s p e e d s  b o t h  u n d e r  c o n s t a n t  f l o w  r a t i o  
and c o n s t a n t  t h r o u g h p u t  r u n s  u s i n g  th e -  sy s te m  c a rb o n  
t e t r a c h l o r i d e  -  a c e t i c  a c i d  -• w a t e r  h a s  b e en  i n v e s t i g a t e d *
Two s i m u l t a n e o u s  d i f f e r e n t i a l  e q u a t i o n s  f o r  t h e  
e x t r a c t  and r a f f i n a t e  p h a s e s  r e s p e c t i v e l y  have  b e en  
d e r iv e d *  The e q u a t i o n s  g i v e  t h e  r e l a t i o n s h i p  be tw een  
l o n g i t u d i n a l  m ix in g  and  mass c o n v e c t i o n  i n  a  s i n g l e  p h a se  
and  i n t e r f a c i a l  mass t r a n s f e r * .
By assum ing  e q u i l i b r i u m  d i s t r i b u t i o n  t o  be  l i n e a r ,  
t h e  change  o f  Ka, t h e  mass t r a n s f e r  c o e f f i c i e n t ,  a l o n g  
t h e  column can  be  r e p r e s e n t e d  by a p o ly n o m ia l*  The 
two s i m u l t a n e o u s  e q u a t i o n s  can  be s o l v e d  e i t h e r  by t h e  
u s e  o f  'thefit **Airy f u n c t i o n *  o r  by Power S e r i e s .  The 
p r a c t i c a l  a p p l i c a t i o n s  o f  t h e  s o l u t i o n s  o f  t h e s e  e q u a t i o n s  
a r e  l i m i t e d  a s  t h e y  a r e  cumbersome an d  c o n t a i n  c o n s t a n t s  
d i f f i c u l t  t o  e v a l u a t e *
A method  h a s  been  d e r i v e d  f o r  c a l c u l a t i n g  t h e  eddy 
d i f f l u s i v i t y  f rom  c o n c e n t r a t i o n  p r o f i l e  d a t a .  The 
c a l c u l a t i o n  i s  r e s t r i c t e d  t o  t h e  a q u e o u s  p h a s e  and  h a s  b e e n  
made f o r  a r a n g e  o f  o p e r a t i n g  c o n d i t i o n s *
The v a l u e s  o f  t h e  t r u e  Hoy, and  m ea su re d  Hoy, t h e  
numbers o f  t r a n s f e r  u n i t s  t o  e f f e c t  t h e  s e p a r a t i o n  d i f f e r  
by a * c o r r e c t i o n  t e r m * * T h i s  c o r r e c t i o n  t e r m  i s  a 
m easure  o f  t h e  l o n g i t u d i n a l  m ix in g  and v a l v e s  f o r  i t  
have  b e en  c a l c u l a t e d  u s i n g  a method d ev e lo p ed *
A tTd i m e n s i o n l e s s  f r a c t i o n a l  e x t r a c t i o n t? d ia g ra m  i s  
deve loped*
I t  p r o v i d e s  a means o f  m e a s u r i n g  t h e  o p e r a t i n g  
p e r fo rm a n c e  o f  an e x t r a c t o r * .
PREFAGE
The work d e s c r i b e d  i n  t h i s  t h e s i s  was c a r r i e d  o u t  
u n d e r  t h e  s u p e r v i s i o n  o f  Dr»W.J.Thomas,  R e a d e r  i n  t h e  
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I n t r o d u c t i o n *
The O s c i l l a t i n g  B a f f l e  C o n t a c t o r  was i n v e n t e d  by  
Dr .  W .J . Thomas ( l ) .  I t  i s  t h e  n e w es t  t y p e  o f  c o n t i n u o u s  
c o u n t e r - c u r r e n t  e x t r a c t i n g  co lum n .
The O s c i l l a t i n g  B a f f l e  Column c o n s i s t s  o f  a  v e r t i c a l  
c y l i n d r i c a l  co lum n.  The l i g h t  l i q u i d  p h a s e  e n t e r s  t h e  column 
a t  t h e  b o t to m  and  f l o w s  upwards  c o u n t e r e u r r e n t l y  t o  t h e  
d e s c e n d in g  h e a v i e r  l i q u i d  w h ich  e n t e r s  a t  t h e  t o p .
A c e n t r a l  s h a f t  i s  m ounted  i n s i d e  t h e  co lu m n , a n d  c a r r i e s  
a  p e r f o r a t e d  v e r t i c a l  b a f f l e .  By t h e  o s c i l l a t i o n  o f  t h e  
s h a f t  and b a f f l e ,  one l i q u i d  p h a se  can  be d i s p e r s e d  i n t o  
a n o t h e r  w i t h  a  minimum of  r o t a t i o n  o f  t h e  m ain  b u l k  of  t h e  
l i q u i d .  The o s c i l l a t i o n  o f  t h e  many h o l e d  b a f f l e  b r e a k s  up t h e  
d i s p e r s e d  p h a s e  i n t o  s m a l l  d r o p l e t s  and combs t h e  l i q u i d s ,  t h u s  
b r i n g i n g  t h e  l i q u i d s  i n t o  a  b e t t e r  i n t i m a t e  c o n t a c t  f o r  
e x t r a c t i o n .
The mode o f  o p e r a t i o n  and  t h e  f l o w  p a t t e r n  o f  t h e  
o s c i l l a t i n g  B a f f l e  Column c an  be  b r i e f l y  d e s c r i b e d  a s  f o l l o w s .  
When t h e  p e r f o r a t e d  b a f f l e s  move i n  a  c lo c k w i s e  d i r e c t i o n ,  
t h e r e  w i l l  be a  t e n d e n c y  t o  move t h e  l i q u i d  w i t h  i t .  T h i s  i s  
c o u n t e r a c t e d  t o  a  c e r t a i n  e x t e n t  by  s l i p  o f  t h e  l i q u i d  t h r o u g h  
t h e  h o l e s  i n  t h e  b a f f l e .  A g a in ,  when r e v e r s a l  o f  t h e  movement 
t o  a n t i c l o c k w i s e  i s  b r o u g h t  a b o u t ,  t u r b u l e n c e  w i l l  be in d u c e d  
i n  t h e  l i q u i d  w h ich  h e l p s  t o  b r e a k  up one of t h e  p h a s e s .
Thus o s c i l l a t i o n  o f  t h e  b a f f l e  combs11 t h e  l i q u i d  p r o d u c i n g  
a  minimum m a t e r i a l  movement o f  i t ,  and  b r e a k s  up one o f  t h e
p h a s e s  a t  t h e  same t im e *
The f l o w  p a t t e r n s  i n  t h e  o s c i l l a t i n g  b a f f l e  co lumn
a r e  a s  f o l l o w s s -
( i )  The c o u n t e r - c u r r e n t  f l o w  o f  d i s p e r s e d  and 
c o n t i n u o u s  p h a s e s  
( i i )  A l i m i t e d  i n t e r m i t t e n t  r o t a t i o n a l  movement 
o f  l i q u i d •
( i i i )  In d u c e d  i n t e r m i t t e n t  r e v e r s i b l e  and r o t a t i o n a l  
f l o w  o f  d i s p e r s e d  d r o p l e t s *
SECTION 2,
L i t e r a t u r e  S u rvey  o f  C o n t in u o u s  C o u n t e r c u r r e n t  
L i q u i d - l i q u i d  e x t r a c t i o n  equ ipm en t
2 , 1  S p r a y  and  p ack ed  co lum ns .
S p ra y  and p acked  columns a r e  p e r h a p s  t h e  s i m p l e s t  
e x t r a c t i o n  columns f rom  a n  o p e r a t i o n  a n d  c o n s t r u c t i o n  
s t a n d p o i n t .  They d i f f e r  m a i n l y  i n  t h a t  t h e  f o r m e r  
d epend^  upon a  s u i t a b l e  e n t r a n c e  d e v i c e  o r  n o z z l o  t o  
g i v e  a  s u f f i c i e n t l y  f i n e  d i s p e r s e d  p h a s e  w hich  i s  
l a r g e l y  m a i n t a i n e d  t h r o u g h  t h e  column w h i l e  t h e  l a t t e r  
d e p e n d ^  upon s o l i d  p a c k i n g  t o  o b t a i n  s u f f i c i e n t  
c o n t a c t  a r e a  f o r  t h e  two l i q u i d s .
The c h o ic e  o f  t h e  d i s p e r s e d  and c o n t i n u o u s  p h a s e s  
i s  o f t e n  d i c t a t e d  by th e  c o m p a r a t i v e l y  s low  r a t e s  o f  
d i f f u s i o n  w i t h i n  t h e  m a in  body o f  l i q u i d s ,  i . e .  t h e  
p h a s e  h a v in g  t h e  g r e a t e r  volume i s  made t h e  d i s p e r s e d  
p h a s e ,  t h u s  m aking  t h e  i n t e r f a c i a l  a r e a  a  maximum.
The p e r f o r m a n c e  of t h e  a bo v e  columns i n  t e r m s  of  t h e  
e x t r a c t i o n  c a p a c i t y  c o e f f i c i e n t  Ka t h e  H . T . U . ,  o r  t h e  
H .E .T .S .  have  b e e n  s t u d i e s  e x t e n s i v e l y .  Some a v a i l a b l e  
d a t a  i n d i c a t e  a  s e r i o u s  l o s s  of e f f i c i e n c y  i n  p a s s i n g  f rom
s m a l l  t o  l a r g e r  d i a m e t e r  p a ck e d  and  s p r a y  t o w e r s  ( 2 ,  3, 4 ) .  
The f a c t o r s  i n v o l v e d  a r e  a s  y e t  unknown*
I n  a  s p r a y  t o w e r ,  t h e  h o l d - u p  o f  d i s p e r s e d  p h a s e  i s  
i n c r e a s e d  w i t h  i n c r e a s e  of  t h e  f l o w  r a t e  o f  t h e  
d i s p e r s e d  p h a s e .  T h i s  r e d u c e s  t h e  a v a i l a b l e  a r e a  f o r  
f lo w  o f  t h e  c o n t i n u o u s  p h a s e ,  w h ic h  m ust  t h e n  f l o w  a t  
h i g h e r  l o c a l  v e l o c i t i e s .  The h i g h  l o c a l  v e l o c i t y  o f  t h e  
d r o p s .  L a rg e  eddy c u r r e n t s  d e v e l o p ,  c o n s i d e r a b l e  s w i r l  may 
o c c u r ,  and t h e r e  w i l l  be a  c o n s i d e r a b l e  r e c i r c u l a t i o n  
( r i s e  and f a l l )  o f  t h e  d r o p s ,  w h i c h  l i m i t s  t h e  u s e f u l n e s s  
of s p r a y  t o w e r s .  I f  t h e  f l o w  r a t e  o f  t h e  d i s p e r s e d  p h a s e  
i s  f u r t h e r  i n c r e a s e d ,  c ro w d ing  of  t h e  d r o p s  may r e s u l t  i n  
c o a l e s c e n c e  i n t o  l a r g e  g l o b u l e s .  U l t i m a t e l y  a  r e v e r s a l  o f  
t h e  p h a s e s  o c c u r s .  F u r t h e r -  i n c r e a s e  i n  f l o w  r a t e  w i l l  
r e s u l t  i n  t h e  t o w e r  f l o o d i n g .  The same s i t u a t i o n  a r i s e s  
i f  t h e  c o n t i n u o u s  p h a se  f l o w  r a t e  i s  s u c c e s s i v e l y  i n c r e a s e d .
P a c k in g  p r e v e n t s  th e  v e r t i c a l  r e c i r c u l a t i o n  o f  t h e  
c o n t i n u o u s  p h a s e  w h ich  g i v e s  r i s e  t o  t h e  p o o r  e x t r a c t i o n  
e f f i c i e n c i e s  o f  s p r a y  t o w e r ,  b u t  c l o g g i n g  i n  t h e  p r e s e n c e  
of su sp en d e d  s o l i d s ,  majr make p a c k e d  t o w e r s  u n d e s i r a b l e .
The f l o w  c a p a c i t y  o r  t h e  f l o o d i n g  r a t e  s t u d i e s  i n  
p ack ed  a n d / o r  s p r a y  co lum ns,  h ave  b e e n  p r o p o s e d  i n  no l e s s  
t h a n  s i x  g e n e r a l i z e d  c o r r e l a t i o n s  ( 4 ,  5,  6 ,  7 ,  8 ,  9 ) .  None 
o f  t h e m  g i v e s  a  method of  c a l c u l a t i o n  w h ic h  y i e l d s  an  
a c c u r a c y  b e t t e r  t h a n  15$ T r e y b a l  (10 )  h a s  p o i n t e d  ou t  
t h a t  c a l c u l a t i o n  r e s u l t s  i n  t h e  r a n g e  o f  c o m m e rc ia l  i n t e r e s t  
may v a r y  among m etho d s  by  a s  much a s  100$
5.
2 . 2 .  B a f f l e  Towers 
These  e x t r a c t o r s  c o n s i s t  o f  v e r t i c a l  t o w e r s  
c o n t a i n i n g  h o r i z o n t a l  b a f f l e s  t o  d i r e c t  t h e  f l o w  o f  t h e  
l i q u i d s .  T h ere  a r e  t h r e e  p r i n c i p a l  t y p e s s  
d i s k - a n d - d o u g h n u t , s i d e - t o - s i d e , and c e n t e r - t o - s i d e *
I n  t h i s  t y p e  of  column, t h e  d i s p e r s e d  l i q u i d  f l o w s  a l o n g  
t h e  b ' a f f l e  i n  a  t h i n  f i l m  and t h e n  f a l l s  o v e r  t h e  edge 
o f  t h e  b a f f l e  i n  a  b r o k e n  s h e e t  t h r o u g h  t h e  
c o n t i n u o u s  l i q u i d .  I f  i n t e r f a c i a l  t e n s i o n  a n d  
d e n s i t y  d i f f e r e n c e  a r e  low, t h e  t e n d e n c y  f o r  t h e  
d i s p e r s e d  l i q u i d  t o  r e m a in  i n  f i l m  and s h e e t  fo rm  
w i l l  be  c o n s i d e r a b l y  l e s s e n e d ,  and  i n s t e a d  t h e  b e h a v i o u r  
i s  more l i k e  t h a t  o f  a  s p r a y  t o w e r  w i t h  t h e  b a f f l e s  
p r o v i d i n g  a d d i t i o n a l  t u r b u l e n c e .
S in c e  t h e y  a r e  f r e e  o f  t h e  t e n d e n c y  to w a rd  
r e c i r c u l a t i o n  of  th e  c o n t i n u o u s  p h a s e ,  and c lo g g in g ;  
i n  th e  p r e s e n c e  o f  su s p e n d e d  s o l i d s ,  t h e s e  t o w e r s  a r e  
v e r s a t i l e ,  c a p a b l e  o f  h a n d l i n g  a  wide v a r i e t y  o f  l i q u i d s  
and f lo w  r a t e s .
G a r n e r  ( l l )  and  co w o rk e rs  have  r e p o r t e d  some s t u d i e s  
c o n c e r n i n g  t h e  p e r f o r m a n c e  o f  t h e s e  columns u n d e r  a  v a r i e t y  
o f  c o n d i t i o n s .
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2*3 • P e r f o r a t e d - p l a t e  t o w e r s  
I n  t h e  p e r f o r a t e d - p l a t e ,  o r  s i e v e - p l a t e ,  column, 
t h e  d i s p e r s e d  p h a se  i s  r e p e a t e d l y  c o a l e s c e d  and 
r e d i s p e r s e d  b y  c a u s i n g  i t  t o  f l o w  t h r o u g h  a  s e r i e s  o f  
t r a y s  i n  w h ic h  a  l a r g e  number o f  s m a l l  h o l e s  h ave  b een  
punched o r  d r i l l e d .  They have  been  p r o v e d  v e r y  e f f e c t i v e ,  
b o t h  w i t h  r e s p e c t  t o  l i q u i d - h a n d l i n g  c a p a c i t y  and  
e f f i c i e n c y  of  e x t r a c t i o n .  I n  t h e  s i m p l e s t  t y p e ,  t h e  
p l a t e s  a r e  s i m i l a r  t o  t h e  s i d e - t o - s i d e  b a f f l e s  o f  t h e  
b a f f l e  t o w e r ,  e x c e p t  t h a t  t h e y  a r e  p e r f o r a t e d .  The 
d i s p e r s e d  p h a se  i s  t h a t  w h ich  p r e f e r a b l y  d o e s  n o t  
wet t h e  p l a t e .
The c o n t i n u o u s  p h a se  f l o w s  a c r o s s  t h e  p l a t e s  and  
f rom p l a t e  t o  p l a t e  u s u a l l y  by  means of  t h e  p i p e s ,  o r  
d o w n - s p o u t s .  These  p i p e s  e x t e n d  s u f f i c i e n t l y  f a r  t o  be 
s e a l e d  i n  t h e  l a y e r  o f  c o n t i n u o u s  l i q u i d  on t h e  p l a t e #  
M o d i f i c a t i o n s  have  b e e n - s u g g e s t e d  b o t h  f o  t h e  p l a t e  
and down spou i^ ts ,  ( 1 2 , 13, 14,  15 ,  1 6 ) .  P e r f o r a t i o n  
d i a m e t e r s  of  -J- t o  i  i n .  may be u s e d .  The b e s t  
v e l o c i t y  o f  l i q u i d  t h r o u g h  t h e  p e r f o r a t i o n s  ough t  t o  be  
e s t a b l i s h e d  b y  p i l o t - p l a n t  t e s t s ,  b u t  i n  t h e  a b s e n c e  o f  
e x p e r i m e n t a l  i n f o r m a t i o n  i t  i s  recommended t h a t  i t  be
7 ,
k e p t  w i t h i n  t h e  r a n g e  o f  0*4 t o  1 * 0 .  At l o w e r  
v e l o c i t i e s  t h e  d i a m e t e r  o f  t h e  t o w e r  w i l l  he 
u n n e c e s s a r i l y  l a r g e ,  and  a l l  p e r f o r a t i o n s  may n o t  
o p e r a t e ,  w h i l e  a t  h i g h e r  v e l o c i t i e s  t h e  many f i n e  
d r o p l e t s . ,  w h ich  fo rm  w i l l  he l i k e l y  t o  be c a r r i e d  f ro m  
t r a y  t o  t r a y  t h r o u g h  t h e  d o w nspou t  by  t h e  c o n t i n u o u s  
p h a s e .  At t h e  recommended v e l o c i t i e s  t h e  l i q u i d  f l o w i n g  
t h r o u g h  t h e  p e r f o r a t i o n s  w i l l  p r o b a b l y  " s t r e a m 11 ( 1 7 ) *
ho c o m p r e h e n s iv e  work h a s  b e e n  done on t h e  f l o o d i n g  
c a p a c i t i e s  o f  t h e  p e r f o r a t e d - p l a t e  t o w e r s *  T re y b a L  ( 1 0 ) 
h a s  r e p o r t e d  some d a t a ,  and  G a m e r  (11 ) and  c o - w o r k e r s  
have  r e p o r t e d  some s t u d i e s  c o n c e r n i n g  t h e  p e r f o r m a n c e  
o f  t h e s e  c o lu m n s .
2*4* W e t te d - W a l l  0olumn 
W e t t e d - w a l l  columns p r o v i d e  f o r  t h e  h e a v y  l i q u i d  
t o  f l o w  down t h e  i n s i d e  w a l l  o f  a  c i r c u l a r  p i p e  an  i n c h  o r  
two i n  d i a m e t e r ,  w h i l e  t h e  l i g h t  l i q u i d  f l o w s  upward 
a s  a  c e n t r a l  c o r e .  They have  b e en  u se d  f o r  l a b o r a t o r y  
i n v e s t i g a t i o n s  o n l y  i n  s t u d i e s  where  a n  a t t e m p t  h a s  
b een  made t o  c o n t r o l  and m e a su re d  t h e  i n t e r f a c i a l  a r e a  
be tw een  t h e  i m m i s c i b l e  l i q u i d s .  D i f f i c u l t y  i s  
e n c o u n t e r e d  w i t h  p r e f e r e n t i a l  w e t t i n g  o f  t h e  w a l l  by t h e  
c o re  l i q u i d ,  t e n d e n c y  of  t h e  c o r e  l i q u i d  t o  sweep t h e  
w a l l  f l u i d  away f rom  t h e  w a l l ,  and  o f  t h e  w a l l  
f l u i d  t o  b r e a k  away and show er  down t h r o u g h  t h e  c o re  
f l u i d  i n  d r o p l e t s .  S in c e  s t a b l e  o p e r a t i o n  i s  d i f f i c u l t  
t o  m a i n t a i n ,  o n l y  a  l i m i t e d  r a n g e  o f  f l o w  r a t e s  f o r  
e i t h e r  p h a s e  i s  p o s s i b l e .
2 . 5 .  P u l s e d  Column 
P u l s e d - p l a t e  columns a r e  e s s e n t i a l l y  t h e  same a s  the.  
p r e v i o u s l y  m e n t io n e d  p e r f o r a t e d ,  s i e v e - p l a t e ,  and  
b a f f l e - p l a t e  co lum ns ,  w i t h  t h e  e x c e p t i o n  t h a t  t h e s e  
have no d o w n s p o u ts ,  and t h e  p u l s a t i n g  a c t i o n  i s  
im p a r te d  t o \ e i t h e r  t h e  c o n t i n u o u s  o r  t h e  d i s p e r s e d  
i n  an e f f o r t  t o  i n c r e a s e  t h e  t u r b u l e n c e  and r a t e  o f  mass 
t r a n s f e r  w i t h i n  t h e  co lum n.  P u l s i n g  a c t i o n  c a n  be i m p a r t e d  
t o  any  of  t h e  c o n v e n t i o n a l  e x t r a c t o r s .  Sege ( 1 8 ) ,
J e a l o u s  ( 1 9 ) ,  T h o r n to n  ( 2 0 ) ,  and  B e y e r  (21)  have  a l l  
p r e s e n t e d  i n t e r e s t i n g  s t u d i e s  on t h e  v a r i o u s  a s p e c t s  
of t h e  e f f e c t s  o f  t h e  p u l s i n g  a c t i o n  on t h e  f l o w  
c h a r a c t e r i s t i c s  o f  v a r i o u s  columns#
The h o l e s  on t h e  p u l s e d - p l a t e  a r e  so  s m a l l  
( o f  t h e  o r d e r  o f  0 . 0 4  in*  d i a m e t e r )  t h a t  o r d i n a r i l y  
f lo w  of  t h e  l i q u i d s  would n o t  o c c u r ,  h o w ev er  t h e  
a l t e r n a t e l y  p u l s i n g  a c t i o n  f o r c e s  l i g h t  an d  h e a v y  
l i q u i d s  t h r o u g h  t h e  p e r f o r a t i o n s .  Each  o f  t h e  l i q u i d s  i s  
a t  one t im e  o r  a n o t h e r  d i - s p e r s e d  i n  t h e  o t h e r ,  P u l s e  
a m p l i t u d e s  may be t h e  r a n g e  0 , 2  t o  0 . 9  i n .  and. f r e q u e n c i e s  
f rom 15 t o  150 c y c l e s / m i n .  (2 2 )
P u l s i n g  o f f e r s  a  s im p le  means o f  i m p r o v in g  t h e  
e x t r a c t i o n  p e r fo rm a n c e #  I t  may he  added  t o  e x i s t i n g  
f a c i l i t i e s  w i t h  r e l a t i v e l y  l i t t l e  expense#  T h ere  a r e  
no p r o c e s s  l i m i t a t i o n s  on t h e  use  o f  p u l s e d  c o lu m n s ,  
and p r e s u m a b ly  t h e y  w i l l  be of  i n t e r e s t  w h e r e v e r  low 
s t a g e  h e i g h t  and c o n s e q u e n t l y  low h e a d  room a r e  
i m p o r t a n t .  I n  e x t r a c t i o n  o f  r a d i o a c t i v e  m a t e r i a l ,  
where t h e  p u l s e d  columns have  had t h e i r  p r i n c i p a l  
u t i l i t y  low HETS may .mean e a s i e r  and  l e s s  c o s t l y  
s h i e l d i n g ,  p u l s i n g  g i v e s  a n  a t t r a c t i v e  r e m o te  means 
of a g i t a t i n g  t h e  e x t r a c t o r .
On t h e  o t h e r  h a n d ,  t h e  c o s t  o f  i n s t a l l a t i o n  
and m a in t e n a n c e  o f  t h e ^ .p u l s e d  g e n e r a t o r ,  a n d  t h e  
power r e q u i r e d  f o r  p u l s i n g ,  must  be c o n s i d e r e d .
P u l s i n g  i n c r e a s e s  t h e  t e n d e n c y  to w a rd  e m u l s i f i c a t i o n ,  
which may make i t  d i s a d v a n t a g e o u s  w i t h  some s y s t e m s .  
F u r t h e r ,  i f  l a r g e r  h e a d s  of  l i q u i d s  a r e  p u l s e d  a t  h i g h  
f r e q u e n c i e s ,  t h e  p r e s s u r e  a t  t h e  p u l s i n g  d e v i c e  on 
t h e  back  s t r o k e  may become l e s s  t h a n  t h e vv a p o r  
p r e s s u r e  of  t h e  l i q u i d ,  and c a v i t a t i o n  w i l l  r e s u l t  
( 2 3 ) .  I t  s h o u l d  be n o t e d  t h a t  t h i s  c a n n o t  h a p p e n  w i t h  
t h e  a i r - p u l ^ a  a r r a n g e m e n t  w h ich  i s  s e l f - c o m p e n s a t i n g .  
However f o r  a l l  t y p e s  o f  p u l s e d  co lum ns ,  t h e  f l o w
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c a p a c i t i e s  a r e  l o w e r  t h a n  f o r  c o n v e n t i o n a l  
p e r f o r a t e d - p l a t e  and p ack ed  towers®
As p u l s e d  columns have  b e e n  s e r i o u s l y  c o n s i d e r e d  
u n de r  t h e  a to m ic  e n e r g y  programmes i n  t h e  U n i t e d  S t a t e s  
and G re a t  B r i t a i n ,  most  o f  t h e  work p e r t a i n i n g *  t o  them  
i s  c l a s s i f i e d ,  t h u s  o u r  knowledge  o f  t h e s e  d e v i c e s  i s  
c o n s e q u e n t l y  v e r y  f r a g m e n t a r y *  i r e y b a l  (1 0 ) i n  h i s  
y e a r l y  r e v i e w s  h a s  summarized much o f  t h e  c o n t r i b u t i n g  
work p e r f o r m e d  on t h e s e  columns®
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2 . 6 ,  R o t a t i n g  R i s e  C o n t a c t o r  
The r o t a t i n g  d i s c  c o n t a c t o r  h a s  b e e n  d e v e l o p e d  
by Reman e t  a l  (2 3 )  o f  S h e l l  O i l  Company, an d  h a s  b e e n  
a p p l i e d  s u c c e s s f u l l y  i n  a  number  of l i q u i d - l i q u i d  
e x t r a c t i o n  a p p l i c a t i o n s . ,
The c o n t a c t o r  c o n s i s t s  o f  a  v e r t i c a l  c y l i n d r i c a l  
t o w e r  d i v i d e d  i n t o  a  number o f  co m p a r tm e n ts  b y  a  
s e r i e s  o f  s t a t o r  r i n g s ,  A r o t a t i n g  d i s c  s u p p o r t e d  by 
a  r o t a t i n g  s h a f t  i s  c e n t r e d  i n  e ach  c o m p a r tm e n t .
Owing t o  t h e  a c t i o n  of t h e  r o t a t i n g  d i s c  one o f  t h e  
p h a s e s  w i l l  b e  d i s p e r s e d .  The s i z e  o f  t h e  d r o p l e t s  
formed i s  d e t e r m i n e d  by t h e  s p e e d  o f  t h e  r o t a t o r  d i s c s  
i n  t h e  c o m p a r tm e n ts .  V a r i a t i o n  i n  r o t o r  sp e e d  p r o v i d e s  
a  s im p le  and e f f e c t i v e  method o f  o b t a i n i n g  optimum 
e x t r a c t o r  c o n d i t i o n s .
The f l o w  p a t t e r n  o f  t h e  l i q u i d  i n , t h e  com par tm ent  
i s  such  t h a t ,  whireh i s  a  c o m b i n a t i o n ' o f  f o u r  d i f f e r e n t  
t y p e s  o f  f l u i d  m o t i o n :
(1 )  The d e s i r e d  c o u n t e r c u r r e n t  f l o w  of t h e  
d i s p e r s e d  a n d  c o n t i n u o u s  p h a s e  o c c u r s ,
(2 )  A r o t a t i o n  o f  t h e  w h o le  l i q u i d  mass a ro u n d  t h e
\
r o t o r  s h a f t .
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( 3 ) A s l o w e r  movement o f  t h e  l i q u i d  f ro m  t h e  s h a f t  
t o w a r d s  t h e  w a l l  o f  t h e  c o n t a c t o r  i n  t h e  v i c i n i t y  o f  
t h e  r o t o r  d i s c s *
( 4 ) A s l o w e r  movement o f  t h e  l i q u i d  i s
t o r o i d a l *  I n  e a c h  c o m p a r tm e n t  t h e  v o r t i c e s  o f
o p p o s i t e  s e n s e s  g e a r e d  t o g e t h e r  o c c u r  and  fo rm  a  
com plex  v o r t e x a
V e rm ig s  an d  K ram ers  ( 2 4 )  h av e  s t u d i e d  t h e  e f f e c t  
o f  v a r i a t i o n s  i n  r o t o r  speed. ,  t o t a l  t h r o u g h - p u t ,  and  
s o l v e n t - t o p a q u e o u s  r a t i o  on t h e  e x t r a c t i o n  e f f i c i e n c y  
o f  a  1*61 in *  d i a m e t e r  co lu m n ,  u s i n g  t h e  s y s t e r  w a t e r -  
a c e t i c  a c i d - m e t h y l  i s o t u i y l  k e to n e >  Reman and
Olney ( 2 3 )  a l s o  have  p r e s e n t e d  t h e  p e r f o r m a n c e  d a t a  
f o r  co lum ns  r a n g i n g  2 - 1 6  i n * ,  and  v e r g i n g  i n t e r n a l  
g e o m e t r i e s ,  O t h e r  v a r i o u s  d a t a  f o r  t h i s  d e v i c e  have  
a l s o  "been p u b l i s h e d  ( 2 5 * 2 6 , 2 7 , 2 9 * 3 0 , 3 1  * 3 2 ) .
An a n a l y z i n g  ' o f  t h e  p e r f o r m a n c e  o f  r o t a t i n g  d i s c
/
c o n t a c t o r  h a s  b e e n  p r e s e n t e d  by S t r a n d ,  O lney  and 
Acherman ( 2 8 ) ,
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The d i s p e r s e d  p h a se  i s  fo rm ed  by t h e  v i o l e n t  
t u r b u l e n c e  c a u s e d  by t h e  r o t a t i n g  d i s c  an d  s h a f t ,  a n d  
th e  whole  b u l k  o f  l i q u i d  i n  t h e  c o n t a c t o r  r o t a t e s  a ro u n d  
t h e  r o t o r  s h a f t .  Hence c o n s i d e r a b l e  power c o n su m p t io n  
i s  n e c e s s a r y  f o r  t h i s  t y p e  o f  e x t r a c t o r *  F u r t h e r m o r e  
i t  h a s  been  r e p o r t e d  t h a t  t h e  l o n g i t u d i n a l  -  o r  b a ck  -  
m ix in g  i s  c o n s i d e r a b l y  i n c r e a s e d  when t h e  r o t o r  s p e e d  
i s  i n c r e a s e d *
1 5 /1 6
2.1*  O th e r  a g i t a t e d  c o u n t e r c u r r e n t  e x t r a c t o r s
There a r e  some o t h e r  t y p e s  of a g i t a t e d  c o u n t e r c u r r e n t  
e x t r a c t o r s ,  f o r  exam ple ;
A, The Oldshue -  R u s h to n  Column.
The O ldshue  -  R u s h to n  Column i s  a  deve lopm en t  
which s tem s  d i r e c t l y  f ro m  c o n s i d e r a t i o n  o f  t h e  a g i t a t e d  
v e s s e l  a s  a n  e x t r a c t i o n  d e v i c e .  T e s t s  a r e  r e p o r t e d  (3 3 )  f o r  
a 6 i n ,  d i a m e t e r  t o w e r  w i t h  t h e  s y s t e m  a c e t i c  a c i d - r a e t h y l  
i s o b u t y l  k e t o n e - w a t e r ,  k e to n e  d i s p e r s e d .  F l o o d i n g  o c c u r s  a t  
h igh  t u r b i n e  s p e e d s  w i t h  low t h r o u g h p u t s  and a t  low s p e e d s  
w i th  h i g h  t h r o u g h p u t s ,  and  a t  any  t h r o u g h p u t  t h e  e x t r a c t i o n  
e f f i c i e n c y  p a s s e s  t h r o u g h  a  maximum a s  t u r b i n e  s p e e d  i n c r e a s e s .
B. The S c h e i b e l  Column*
The S c h e i b e l  Column c o n s i s t s  o f  a l t e r n a t e  a g i t a t e d  
s e c t i o n s  a n d  pack e d  s e c t i o n s ,  t h e  f o r m e r  e ac h  p r o v i d e d  w i t h  a  
p a d d l e - t y p e  i m p e l l e r .  The p a c k i n g  u s e d  i s  a  s p e c i a l  l o o s e l y  
woven w i r e  mesh o f  h i g h  p e r c e n t a g e  v o id  s p a c e .
Columns of  t h i s  d e s i g n  h ave  had  w ide  a c c e p t a n c e  
as  u s e f u l  l a b o r a t o r y  d e v i c e s  an d  a v a i l a b l e  i n  s m a l l  s i z e s  
( l  i n ,  d i a m e t e r )  w h ich  a r e  c a p a b l e  o f  p r o d u c i n g  v a l u e s  of HETS 
i n  t h e  n e ig h b o r h o o d  o f  2 t o  3 i n .  They a r e  c o n s e q u e n t l y  .
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f r e q u e n t l y  u s e d  f o r  p r o c e s s  e v a l u a t i o n  where  o n l y  s m a l l  
amounts  o f  m a t e r i a l  may be a v a i l a b l e *  As a r e s u l t ,  t h e r e  
have b een  r e l a t i v e l y  l a r g e  number o f  p u b l i c a t i o n s  and  
f r a g m e n t a r y  d a t a  t a k e n  w i t h  t h e s e  s m a l l  to w e rs *  S c h e i b e l  
and K a r r  (33) h a v e  r e p o r t e d  t h e  most  c o m p l e t e l y  s y s t e m a t i c  
d a t a ,  t a k e n  w i t h  a 12  i n .  d i a m e t e r  t o w e r .
C, C e n t r i f u g a l  E x t r a c t o r s .
T here  a r e  a  v a r i e t y  o f  c e n t r i f u g a l  e x t r a c t o r s
i n  u s e ,  among t h e  more p o p u l a r  b e i n g  t h e  P o d b i e l n i a k ,
t h e  L u w e s ta ,  and t h e  S h a r p i e s  ( 2 2 ) .  These  u n i t s  a r e
n o t  o f  t h e  d r o p - d i s p e r s i o n  t y p e  b u t  o b t a i n  t h e i r
c o n t a c t  be tw een  t b i n  f i l m s  o f  t h e  h eav y  and  l i g h t
f l u i d s .  Such c e n t r i f u g a l  c o n t a c t o r s  h a v e  become
i n c r e a s i n g l y  p o p u l a r  i n  t h e  p a s t  few y e a r s .  W hile
s e v e r a l  g e n e r a l - i n f o r m a t i o n  a r t i c l e s  have  a p p e a r e d ,  o n l y
t h e  work o f  Anderson and Lan (34) and J a c o b s o n  and B eyer  ( 3 51
/
have  p r e s e n t e d  p e r f o r m a n c e  d a t a  on a s m a l l  l a b o r a t o r y  
m o d e l .
D. B e n c h - S c a le  E qu ip m en t .
In  r e c e n t  y e a r s  t h e r e  h a s  b e en  c o n s i d e r a b l e  
i n t e r e s t  i n  b e n c h - s c a l e  m i x e r - s e t t l e r  e x t r a c t o r s  
a r r a n g e d  i n  c o u n t e r c u r r e n t  c a s c a d e s  o f  s t a g e s  f o r
c o n t i n u o u s  o p e r a t i o n .  The a d v a n t a g e  a f f o r d e d  by such 
equ ipm ent  a r e  s e v e r a l .  They p r o v i d e  many s t a g e s  i n  s m a l l  
sp a c e ,  a n d ,  s i n c e  t h e y  p r o v i d e  h i g h  s t a g e  e f f i c i e n c i e s  
t h e  d a t a  o b t a i n e d  a r e  r e p r e s e n t a t i v e  o f  what can  be 
done on l a r g e  scale, Taey c an  r e a d i l y  be o p e r a t e d  
i n t e r m i t t e n t l y ,  w i t h  shu tdowns o v e r n i g h t ,  f o r  e xam p le ,  
and y e t  p r o v i d e  s t e a d y - s t a t e  c o n d i t i o n s  more o r  l e s s  
i m m e d ia te ly  upon s t a r t i n g  u p .  In  many p r o c e s s -  
deve lopm ent  p ro b le m s  t h e  c o m p l e x i t y  o f  t h e  l i q u i d  
sy s tem s  i n v o l v e d  do n o t  p e r m i t  r e a d y  i n t e r p r e t a t i o n  
i n  t e r m s  o f  o r t h o d o x  e q u i l i b r i u m  p h a se  d ia g r a m  
b e c a u s e  o f  d i f f i c u l t y  i n  a n a l y s i n g  t h e  l i q u i d s ,  and 
so d i r e c t  e x p e r i m e n t a t i o n  i s  n e c e s s a r y  t o  d e t e r m i n e  
t h e  number o f  s t a g e s  r e q u i r e d  t o  p r o d u c e  s a t i s f a c t o r y  
p r o d u c t s .
( i )  The Pump-Mix E x t r a c t o r .
In  t h i s  type o f  e x t r a c t o r ,  each  s t a g e  c o n s i s t s  o f  
a m ix in g  chamber and  a s e t t l e r .  A d ja c e n t  s t a g e s  o f  
t h e  c a s c a d e  a r e  a l t e r n a t e d  i n  r i g h t -  and l e f t - h a n d  
p o s i t i o n s  arraqged wri t h  common w a l l s .  P e r fo rm a n c e  
d a t a  h a s  been  p u b l i s h e d  by Coplan^ D a v id so n ,  and 
Zabruski.  (35)*
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( i i )  O t h e r s .
A l t e r ,  Codd ing ,  and J e n n i n g s  ( 3 6 ) ,  and  D a v i s ,  
H ick s ,  and  Vermenton (37) have  d e s c r i b e d  somewhat 
s i m i l a r  b e n c h - s c a l e  e x t r a c t o r s .
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SECTION 3
L i t e r a t u r e  Survey  o f  eddy d i f f u s i v i t y  measurement#
L o n g i t u d i n a l  m ix in g  o r  b l a c k  m ix in g  h a s  b e en  
known t o  have  a d e t r i m e n t a l  e f f e c t  on t h e  e x t e n t  
o f  mass t r a n s f e r  i n  s o l v e n t  e x t r a c t i o n  sys tem s#  I t  can  be  
shown from t h e  d e m o n s t r a t e d  f i g u r e s  p r e s e n t e d  by  N em an  (33) 
Miganchi  (39 ,  4 0 ) ,  and  Smoot ( 4 1 ) ,  t h a t  t h e  
c o n c e n t r a t i o n  d i f f e r e n c e  b e tw ee n  t h e  r a f f i n a t e  and  
e x t r a c t  p h a se  ( i . e .  t h e  d r i v i n g  f o r c e )  i s  g r e a t l y  
r e d u c e d  due t o  t h e  p r e s e n c e  o f  l o n g i t u d i n a l  m ix i n g .
Of c o u r s e ,  r e d u c t i o n  o f  t h i s  c o n c e n t r a t i o n  g r a d i e n t  
a l s o  r e d u c e d  t h e  e x t e n t  o f  mass t r a n s f e r  i n  a 
g iv e n  s y s te m .
S in c e  s u c h  l o n g i t u d i n a l  m ix in g  i s  e n t i r e l y  
due t o  t h e  eddy d i f f u s i o n  o f  t h e  s o l u t e  i n  e a c h  s i n g l e  
p h a s e ,  t h e n  a knowledge  o f  t h e  eddy d i f f u s i v i t y  
i s  e s s e n t i a l  f o r  mass t r a n s f e r  s t u d i e s .
Vermeulen  a n d  C o-w ork e rs  (42) have  c o n d u c t e d  
an e x h a u s t i v e  i n v e s t i g a t i o n  o f  l o n g i t u d i n a l  m ix in g  i n
packed c o lum n s ,  H a d i a l  and  a x i a l  eddy d i f f u s i v i t i e s  
have  b e en  m easu red  f o r  s e v e r a l  s i n g l e  p h a s e  and two 
p h a se  s y s t e m s .  Flow r a t e s  f rom  l a m i n a r  t o  t u r b u l e n t  
ra n g e  were  c o n s i d e r e d  i n  many random and o r d e r e d  
bed a r r a n g e m e n ts *  Eddy d i f f u s i v i t i e s  were  m ea su re d  
i n  b o th  p h a s e s  o f  t h e  two p h a s e s  s y s te m .
B ru ta n  (43) h a s  m e a su re d  e f f e c t i v e  l o n g i t u d i n a l  
c o e f f i c i e n t s  i n  a  s p r a y  e x t r a c t i o n  column where g l a s s  
s p h e r e s  were  u s e d  t o  s i m u l a t e  a d i s p e r s e d  p h a s e  
so t h a t  t h e  e f f e c t  o f  t h e  d ro p  s i s e  c o u ld  be  s t u d i e d  
I t  was o b s e r v e d  t h a t  t h e  eddy d i f f u s i v i t y  i n c r e a s e d  
w i t h  column d i a m e t e r  and  d i s p e r s e d  f l o w  r a t e  and  
d e c r e a s e d  w i t h  i n c r e a s i n g  aq u eo u s  ( c o n t i n u o u s )  
p h ase  f l o w  r a t e  and  d i s p e r s e d  p h a s e  p a r t i c l e  s i z e .
Mar and Babb (4-3) have  exam ined  t h r e e  b i n a r y  
iftimj&ible s y s te m s  i n  w hich  t h e  c o n c e n t r a t i o n  o f  an a q u eo u s  
s o l u b l e  t r a c e r  was m e a su re d  u s i n g  t h e  s t e a d y  s t a t e  and  d a t a  
i n j e c t i o n  t e c h n i q u e s ,  Eddy d i f f u s i v i t i e s  were  o b t a i n e d  
from t h e s e  d a t a  u s i n g  a d i f f e r e n t i a l  t u r b u l e n t  
d i f f u s i o n  m ode l .
B a r k e r  and  S e l f  (44) m e a su re d  t h e  eddy d i f f u s i v i t y  
on a  s i e v e  p l a t e  u s i n g  b o t h  u n s t e a d y  and  s t e a d y  s t a t e  
t r a c e r  t e c h n i q u e s «
A l l  o f  t h e  p r e v i o u s  w o r k e r  m easu re d  t h e  eddy 
d i f f u s i v i t y  i n  a  s t a t e  where  no mass t r a n s f e r  was 
t a k i n g  p l a c e  b e tw e e n  t h e  two l i q u i d  p h a s e s .
SECTION 4
D e f i n i t i o n  o f  o v e r - a l l  Numbers
o f  T r a n s f e r  U n i t s  and  H e i g h t  o f  T r a n s f e r  U n i t .
M ig a u c h i  ( 3 9 )  s t a t e s  t h a t  t h r e e  d i s t i n c t  ’n um bers  
o f  t r a n s f e r  u n i t s ’ h a v e  b e e n  d e f i n e d  d e p e n d i n g  on  t h e  
n a t u r e  o f  t h e  c o n c e n t r a t i o n  p r o f i l e .
( i )  ’T r u e ’ N ■
By t h e  o r i g i n a l  d e f i n i t i o n  (4-5) t h e  t r u e  
number o f  t r a n s f e r  u n i t s  h a s  b e e n  d e f i n e d  a s :
N Kah ( 4 . 1 . )
?diere Ka i s  t h e  t r u e  m ass  t r a n s f e r  c o e f f i c i e n t  f o r  
t h e  s y s te m  b a s e d  on t h e  e x t r a c t  p h a s e .
( i i )  ’M e a s u r e d 1 F 0y
The num ber  o f  t r a n s f e r  u n i t s  h a s  a l s o  b e e n  
d e f i n e d  a s :
< V m
I f  c o n c e n t r a t i o n  p r o f i l e s  a r e  known, t h e n  ( ^ 0y ) ^  
c an  be  o b t a i n e d  by  g r a p h i c a l  i n t e g r a t i o n .  I t  i s  
i m p o r t a n t  t o  o b s e r v e  h e r e  t h a t  t h i s  e x p r e s s i o n  was 
d e r i v e d  on  t h e  b a s i s  o f  p i s t o n  f l o w  i n  b o t h  p h a s e s ,  
i . e .  no l o n g i t u d i n a l  m i x i n g  i n  b o t h  p h a s e s .  T h e r e f o r e ,  
i f  l o n g i t u d i n a l  m i x i n g  i s  e x t e n s i v e ,  e v e n  a  g r a p h i c a l  
i n t e g r a t i o n  o f  t h e  r e s u l t i n g  p r o f i l e  t o  o b t a i n  
( N o y ) i  W i l l  n o t  y i e l d  ’ t r u e ’ NQTr.
( i i i )  ' A p p a r e n t 1
I f  t h e  o p e r a t i n g  an d  e q u i l i b r i u m  l i n e s  ( y  -  mx) 
a r e  l i n e a r ,  e q u a t i o n  ( 4 . 2 . )  c a n  be  i n t e g r a t e d  
a n a l y t i c a l l y  t o  y i e l d  a  l o g  mean ^ 0j  b a s e d  on en d  
c o n d i t i o n s .
I  d.y
ye - 7 0 -2. )
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n ______ i „ .  w  (m R ~ 1 ) y T + m ( x B *  ^  * s
 ^ o y ' p  mR -  i  ■ s e 75E- r ~ T J y B + mXxg + EyB7  v '
w here  R = f l o w  r a t i o  =
V x
(NQy )  i s  t e r m e d  t h e  ' a p p a r e n t  N 1 .
To e s t a b l i s h  a  r e l a t i o n s h i p  b e t w e e n  Q ^ y ) ^  
and  N , e q u a t i o n  ( 8 . 6 a . )  d e r i v e d  i n  s e c t i o n  8 . 6 .  
c a n  b e  r e a r r a n g e d  t o  g i v e :
f h  ■ f °  z
JL I Kadz _ /  _ d 2 _  + ! s  /  d2 (4 4 )/ Kadz / y -  y VL / ye -  y <.4.4-.;
J o y B J  ■/ h
A c c o r d i n g  t o  d e f i n i t i o n s  j u s t  c o n s i d e r e d ,  
e q u a t i o n  ( 4 . 4 . )  c a n  be  e x p r e s s e d  a s : /
N „  « (RL ),,, + c o r r e c t i o n  t e r m  oy oy m ( 4 . 5 . )
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cLAs i s  t h e  q u a n t i t a t i v e  m e a su re m e n t  o f  t h e
l o n g i t u d i n a l  m i x i n g ,  e q u a t i o n s  ( 4 . 4 . )  and  ( 4 . 5 . )  
e x p l a i n  why t h e  e f f e c t s  o f  l o n g i t u d i n a l  m ix i n g  a r e  
r e f l e c t e d  i n  e v e n  t h o u g h  t h e  g r a p h i c a l
i n t e g r a t i o n  i s  p e r f o r m e d  on t h e  a c t u a l  p r o f i l e .
But  t h e  r e s u l t  o f  t h i s  s t u d y  ( s e c t i o n  9 « 4 . )  and  
Smoot ( 4 . 6 . )  showed i t  i s  n o t  a lw a y s  t r u e .
As t h e  d e f i n i t i o n  o f  h e i g h t  o f  t r a n s f e r  u n i t  
i s  d e f i n e d  b y :
f  „ - n
■ oy V
and t h e r e  a r e  t h r e e  d i s t i n c t  nu m b ers  o f  t r a n s f e r  
u n i t s  a s  m e n t i o n e d  a b o v e .  Hence  t h e r e  a r e  t h r e e  
d i f f e r e n t  h e i g h t s  o f  t r a n s f e r  u n i t ,  n a m e ly :
I n  g e n e r a l ,  NQy > (Eo y )M > (NQy) p .
( i )  ’M e a s u r e d 1 (HQ )]^ h ( 4 . 7 0
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( i i )  ' T r u e 1 H = s p -  ( 4 . 8 . )
J oy
( i i i )  ’A p p a ren t*  (H ) = ( 4 . 9 . )
’oy p x" o y ' p
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SECTION 5 
E x p e r i m e n t a l  M e th o d s .
5 . 1 .  D e s c r i p t i o n  o f  f l o w .
R e f e r r i n g  t o  F i g .  5'*2 .  t h e  w a t e r  f r e e  from a c e t i c  a c i d ,  
b u t  p r e v i o u s l y  s a t u r a t e d  w i t h  c a r b o n  t e t r a c h l o r i d e  was pumped 
by pumps 6 . a  f rom s t o r a g e  t a n k  7 . a t o  t h e  c o n s t a n t  l e v e l  o v e r ­
head  t a n k  4 . a ( I t  was l o c a t e d  a b o u t  t w e l v e  f e e t  above t h e  
g r o u n d ) .  From h e r e  a  r e t u r n  l i n e  r a n  t o  t h e  s t o r a g e  t a n k ,  
so t h a t  a l l  t h e  w a t e r  p a s s i n g  t o  r o t a m e t e r  5 . a was u n d e r  
c o n s t a n t  h y d r o s t a t i c  p r e s s u r e ,  and  t h e  f l o w  r a t e  was a d j u s t e d  
by a s t a i n l e s s  s t e e l  v a l v e  a t t a c h e d  t o  t h e  b o t to m  o f  t h e  
r o t a m e t e r .  As t h e  w a t e r  was t h e  l i g h t  p h a s e  i n  t h e  l i q u i d s y s t e m ,  
i t  e n t e r e d  a t  t h e  l o w e r  end  o f  t h e  co lum n ,  and  f l o w e d  upw ards  
i n  t h e  column a s  a  c o n t i n u o u s  phase*  The b a f f l e  was d r i v e n  
by a f l a m e - p r o o f ,  \  H .P .  s i n g l e  p h a s e  m o t o r .  A Kopp 
v a r i a t o r  p o s i t i o n e d  be tw een  t h e  m o to r  and  r e d u c i n g  g e a r - b o x ,  
e n a b le  t h e  b a f f l e  t o  be  r u n  a t  a  s h a f t  o s c i l l a t i o n  r a n g e  t o  
a p p r o x i m a t e l y  0 - 6  o s c i l l a t i o n s / s e c ,  (The mechanism o f  o s c i l l a t i o n  
w i l l  b e . d e s c r i b e d  i n  s e c t i o n  5 . 2 . 3 )  T h e 'w a t e r  l e f t  t h e  
column a t  t h e  u p p e r  end  t o  t h e  c e n t r a l  f e e d  o f  t h e  u p p e r  V  
s t a i n l e s s  s t e e l  e x t e r n a l  s e t t l e r  2 . a ,  w i t h  '‘* t a k e - o f f s Tf a t  
t o p  and  b o t to m  o f  t h e  s e t t l e r ,  and  t h e  ^b o t to m  t a k e  l i n e Tf 
e n a b le d  t h e  s e p a r a t e d  c a r b o n  t e t r a c h l o r i d e  t o  r e t u r n  t o  
t h e  column.  The a q u eo u s  p h a s e  was d r a i n e d  o f f  t h r o u g h  t h e  
" to p  t a k e  o f f ft l i n e  o f  t h e  u p p e r  s e t t l e r .
The c a r b o n  t e t r a c h l o r i d e  c o n t a i n i n g  t h e  s o l u t e  a c e t i c
Erji!:........ -
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a c i d  f l o w e d  i n  a  s i m i l a r  manner  b u t  e n t e r e d  t h e  column a t  
t h e  u p p e r  end ,  an d  was d i s p e r s e d  i n t o  d r o p l e t s  by t h e  movement 
o f  t h e  o s c i l l a t i n g  b a f f l e  w h i l e  f l o w i n g  c o u n t e r c u r r e n t  t o  
t h e  w a t e r  i n  t h e  column* A mass t r a n s f e r  o f  a c e t i c  a c i d  
be tw een  p h a s e s  t o o k  p l a c e .  T h ree  sam p le s  ( t h o s e  o f  c o n t i n u o u s  
p h a s e s  o u t l e t ,  a n d  b o t h  i n l e t  a n d  o u t l e t  sam p le s  o f  t h e  
d i s p e r s e d  p h a s e )  were t a k e n  f rom  b o t h  e n d s ,  w h ic h  made p o s s i b l e  
t h e  c a l c u l a t i o n  o f  mass t r a n s f e r  b e tw een  t h e  p h a s e s .
S ix  sam p le s  f ro m  sa m p l in g  c o c k s  l o c a t e d  a t  e q u i d i s t a n t  p o i n t s  
a lo n g  t h e  column were a l s o  t a k e n ,  w h ic h  made p o s s i b l e  t h e  
i n v e s t i g a t i o n  o f  p e r f o r m a n c e  a lo n g  t h e  column. The l e a n  
ca rbon  t e t r a c h l o r i d e  l e f t  t h e  b o t to m  o f  t h e  column t o  t h e  
s t a i n l e s s  s t e e l  l o w e r  e x t e r n a l  s e t t l e r ,  t h e  5ft o p  t a k e  o f f  l i n e u 
was p r o v i d e d  f o r  t h e  r e t u r n  o f  w a t e r  t o  t h e  column i f  a n y .
A f t e r  s e p a r a t i n g  any  w a t e r  (a r a r e  o c c u r e n c e )  i n  t h e  l o w e r  
e x t e r n a l  s e t t l e r ,  t h e  c a r b o n  t e t r a c h l o r i d e  was p a s s e d  t o  
t h e  p r o d u c t  t a n k  S . a .  The c a rb o n  t e t r a c h l o r i d e  was u s e d  
a g a in  i n  t h e  n e x t  r u n  a f t e r  a d d in g  some f r e s h  s o l u t e .  /
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5*2* A p p a r a t u s *
5*2*1* Column an d  B a f f l e  d e s c r i p t i o n s *
The co lum n was c o n s t r u c t e d  f ro m  g l a s s  s e c t i o n s
w i t h  s t a i f c i l e s s  s t e e l  f i t t i n g s  and  i n t e r n a l s *  E a c h
g l a s s  s e c t i o n  was 6 M l o n g  a n d  w i t h  a n  i n s i d e  d i a *  2 * 7 5 u .
The whole  u n i t  c o n s i s t e d  o f  6 g l a s s  s e c t i o n s  w i t h
s t a i n l e s s ,  s t e e l  s p a c e r s , - w h i c h  were f i t t e d  w i t h
sample c o c k s  t o  a l l o w  p o i n t  s a m p l in g *  S t a i n l e s s
s t e e l  h e a d e r s  were f i t t e d  a t  t o p  and  B o t tom  f o r
c o n n e c t i o n  t o  t h e  e x t e r n a l  s e t t l e r s  ( s e e  E ig*  5 . 3 * )
The d r i v e  s h a f t  t o  t h e  i n t e r n a l  B a f f l e  p a s s e d  t h r o u g h  a  
p a c k e d  g l a n d *  The u n i t  was c o m p le t e  w i t h  i  H*P* s i n g l e
p h a s e ,  250v  e l e c t r i c  m o t o r ,  Kopp V a r i a t o r  an d  r e d u c i n g  g e a r
Box*
A p h o t o g r a p h  o f  t h e  B a f f l e  i s  shown on B ig*  5 * 5 .
I t  was made o f  s t a i n l e s s  s t e e l ,  and  h a s  a  l e n g t h  o f  
2 * 6 % - w i t h  t ’1 Dia*  h o l e s  on f n s q u a r e  p i t c h  i n  a l l  f o u r  
B lad e s*
The d e s i g n  o f  t h e  colum n was s u f f i c i e n t l y  f l e x i b l e  
t o  p e r m i t  e a s y  r e p l a c e m e n t  o f  t h e  B a f f l e  By o t h e r  
B a f f l e s  i n  w h ic h  h o l e s ,  s i z e s ,  p i t c h  e t c *  c o u l d  Be 
v a r i e d *  S t a t o r  r i n g s  c o u l d  a l s o  Be i n t r o d u c e d *  The 
p r e s e n t  s t u d y  i s  c o n c e r n e d  w i t h  a  l a r g e  B a f f l e  o n l y ,  
and t h e  many v a r i a t i o n s  i n c l u d i n g  t h e  u se  o f  s t a t o r  
r i n g s  r e m a i n s  t o  Be i n v e s t i g a t e d  i n  t h e  f u t u r e .
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5 .3* p h o t o g r a p h  o f  t h e  O s c i l l a t i n g  3 a f f l e  Column
F i g . 5 . 5 -  P h o to g r a p h  o f  t h e  B a f f l e
5 # 2 . 2 . ■ Sam pling '  cock s  a r r a n g e m e n t s .
As t h e  l i q u i d  l e a v i n g  t h e  b o t to m  h e a d e r  and  u p p e r  
s p a c e r  was n o r m a l l y  o f  s i n g l e  p h a s e  o n l y ,  t h e  v a l v e s  were  
j u s t  p l a i n  s a m p l in g  v a l u e s .  Along t h e  column b o t h  
c o n t i n u o u s - ,  an d  d i s p e r s e d - p h a s e  e x i s t .  I n  o r d e r  t o  p r e v e n t  
mass t r a n s f e r  t a k i n g  p l a c e  a f t e r  t h e  s a m p le s  had  been  t a k e n  
from t h e  s a m p l in g  c o c k s  5 . 1  t o  5 . 6 ,  t h e  sam p les  must  c o n t a i n  
p u r e  a q u e o u s  p h a se  o n l y .  T h is  was a c h i e v e d  by i n s e r t i n g  a 
v e ry  f i n e  s t a i n l e s s  s t e e l  w i r e  gaug_e i n t o  t h e  sam p l in g  c o c k ,  
i n  t h i s  way w h i l e  t a k i n g  t h e  sample  i n  a  c o n t i n u o u s  s m a l l  
s t r e a m ,  o n l y  t h e  c o n t i n u o u s  p h a s e  was e x t r a c t e d .  The w i r e  
gau^e a c t e d  a s  a  f i & t e r  w hich  f?s c r e e n e d  o f f ” t h e  d i s p e r s e d  
phase  f rom  t h e  m i x t u r e .
Owing t o  t h e  f a c t  t h a t  t h e  b a f f l e  d i a m e t e r  was o f  t h e  same 
s i z e  a s  t h e  c o lu m n r s i n s i d e  d i a m e t e r ,  no means c o u l d  be 
d e v i s e d  t o  rem ove  t h e  d i s p e r s e d  p h a s e  i n  a  p u r e  s t a t e .
T h e r e f o r e  o n l y  a  c o n c e n t r a t i o n  p r o f i l e  o f  t h e  a q u e o u s  p h a s e  
a lo n g  t h e  column h a s  b e e n  s t u d i e d  i n  t h i s  r e s e a r c h  w o rk .
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5 * 2 ,3 .  O s c i l l a t i o n  Mechanism,
A p h o t o g r a p h  o f  t h e  o s c i l l a t i o n  mechanism employed i n  t h e  
a p p a r a t u s  i s  shown i n  F i g ,  5 *6 ,  A d i s c  was c o n n e c t e d  w i t h  t h e
r e d u c i n g - g e a r  b ox ,  w hich  i n  t u r n  was d r i v e n  by a m o to r .
A c o n n e c t i n g  r o d  was b o l t e d  b e tw ee n  t h e  edge  o f  t h e  d i s c  
and t h e  b e l l - c r a n k  w h ich  was m ounted  on  t h e  t o p  o f  t h e  
b a f f l e  s h a f t *  By means o f  t h e  c o n n e c t i n g  r o d  t h e  b e l l - c r a n k  
o s c i l l a t e d  t o  a n d  f r o  w h i l s t  t h e  d i s c  was r o t a t i n g .  The 
a m p l i tu d e  o f  t h e  o s c i l l a t i o n  c o u l d  be changed  by v a r i a t i o n  
o f  t h e  c o n n e c t i n g  r o d  l e n g t h  a n d  i t s  p o i n t  o f  a t t a c h m e n t  
to  t h e  d i s c .  In  t h e  p r e s e n t  work ,  o n l y  one  o s c i l l a t i o n
a m p l i tu d e  o f  45° was u s e d .
F i g . 5 . 6 .  p h o t o g r a p h  o f  t h e  o s c i l l a t i o n  mechanism
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5 .2 . 4 *  Pumps, l i n e s ,  s t o r a g e  t a n k s  and  o t h e r  a u x i l i a r y  e q u ip m e n ts  
Two J  H .P .  ' s t a i n l e s s  s t e e l  c e n t r i f u g a l  w o r t h i n g t o n -  
Simpson DFC 42 pumps were  u s e d  to  c i r c u l a t e  t h e  a q u eo u s  a n d  
d i s p e r s e d  l i q u i d s  i n  t h e  o p e r a t i o n .  Two 1 H . P . ,  3 p h a s e  A.C. 
4 5 0 ^  m o to r s  were  u s e d  i n  d r i v i n g  t h e  pumps. The p i p e  l i n e s  
u s e d  i n  c o n n e c t i n g  t h e  equ ip m en t  and  t a n k s  w ere  p o l y t h e n e  t u b e s .
An SO g a l l o n  and a 40 g a l l o n  s t a i n l e s s  s t e e l  t a n k  
were u s e d  f o r  d i s p e r s e d  p h a s e  an d  aq u eo u s  l i q u i d  r e s p e c t i v e l y .
Two 40 g a l l o n  t a n k s  were  u s e d  t o  r e c e i v e  t h e  l e a n  c a r b o n  
t e t r a c h l o r i d e  f rom  t h e  column. Two 0 -3 0  g . p . h .  r o t a m e t e r s  
were u s e d  f o r  t h e  m e a s u r i n g  o f  t h e  f l o w  r a t e s  o f  c a rb o n  
t e t r a c h l o r i d e  a n d  w a t e r .
I n s i d e  t h e  SO g a l l o n  c a rb o n  t e t r a c h l o r i d e  raw m a t e r i a l  
t a n k  a 1 H .P .  M i t c h e l l  s t a i n l e s s  s t e e l  m ix e r  was i n s e r t e d .
By r u n n i n g  t h i s  p r o p e l l e r  m ix e r  f o r  two h o u r s  a f t e r  each
a d d i t i o n  o f  f r e s h  a c e t i c  a c i d  t o  t h e  c a rb o n  t e t r a c h l o r i d e ,  7
9
hom ogen i ty  o f  t h e  m i x t u r e  c o u l d  be  e n s u r e d .  $ /
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5 . 3 .  The l i q u i d  s y s t e m .
5 .3 * 1 .  P h y s i c a l  p r o p e r t i e s  o f  c a rb o n  t e t r a c h l o r i d e ,  a c e t i c  
a c i d  and  w a t e r .
I t  was i n i t i a l l y  p r o p o s e d  t o  u s e  t h e  M . I .B .K .  -  
a c e t i c  a c i d  -  w a t e r  sy s te m  i n  t h i s  s t u d y .  However, M . I .B .K .  
(Methyl I s o - b u t y l  K e tone)  i s  h i g h l y  v o l a t i l e  and  e x p l o s i v e .
S ince  s u i t a b l e  f a c i l i t i e s  were  n o t  a v a i l a b l e ,  i t  was ,  t h e r e f o r e ,  
f e l t  t h a t  c a r b o n  t e t r a c h l o r i d e - a c e t i c  a c i d - w a t e r  would  be  
a p r e f e r a b l e  s y s t e m .
T he re  w ere  s e v e r a l  r e a s o n s  f o r  c h o o s i n g  t h i s  s y s t e m .
(1) Carbon t e t r a c h l o r i d e  i s  i n c o m b u s t i b l e  and  non­
e x p l o s i v e .
(2) T h e re  i s  o n l y  v e r y  l i t t l e  l i t e r a t u r e  a v a i l a b l e  
on t h e  sy s te m  a l t h o u g h  c a r b o n  t e t r a c h l o r i d e  i s  one  o f  t h e  
most i m p o r t a n t  s o l v e n t s .
(3) The a c i d  c o n c e n t r a t i o n  can  r e a d i l y  be  d e t e r m i n e d  
by t i t r i m e t r i c  m e th o d s .
(4) The s y s te m  shows l i t t l e  t e n d e n c y  t o  f o r m  s t a b l e  
e m u l s io n s .
(5) The e q u i l i b r i u m  d i s t r i b u t i o n  o f  a c e t i c  a c i d  i n
t h e  c a rb o n  t e t r a c h l o r i d e  -  w a t e r  s y s te m  h a s  b e e n  i n v e s t i g a t e d . (47 
The i m p o r t a n t  p h y s i c a l  p r o p e r t i e s  o f  c a rb o n  t e t r a c h l o r i d e ,  
a c e t i c  a c i d  a n d  w a t e r  a r e  t a b u l a t e d  i n  T a b le  5 . 2 .
5 . 3 . 2 .  The e q u i l i b r i u m  d i s t r i b u t i o n  o f  a c e t i c  a c i d  i n  t h e  
carbon t e t r a c h l o r i d e - w a t e r  s y s t e m .
I n  t h e  c a s e  o f  two i m m i s c i b l e  l i q u i d s ,  t h e  e q u i l i b r i u m
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c o n c e n t r a t i o n  o f  a  t h i r d  com ponen t  i n  e a c h  o f  t h e  two 
p h a s e s  a r e  o f t e n  e x p r e s s e d  by  t h e  s o - c a l l e d  ’ d i s t r i b u t i o n  
l a w 1 ,
= mx ( 5 . 1 . )
where  j Q = s o l u t e  c o n c e n t r a t i o n ,  i n  t h e  e x t r a c t  p h a s e  
x  = s o l u t e  c o n c e n t r a t i o n  i n  t h e  r a f f i n a t e  p h a s e  
m = t h e  ’ d i s t r i b u t i o n  c o e f f i c i e n t 1 .
E q u i l i b r i u m  d a t a  f o r  s u c h  s y s t e m s  a r e  u s u a l l y  e x p r e s s e d  
i n  t e r m s  o f  t h e  d i s t r i b u t i o n  c o e f f i c i e n t s , a n d  t h e  
e q u i l i b r i u m  c u r v e  i s  l i n e a r .  U n f o r t u n a t e l y  e q u a t i o n  ( 5 * 1 . )  
i s  a p p l i c a b l e  t o  ’v e r y  d i l u t e ’ s o l u t i o n s  o n l y .  I n  m o s t  
c a s e s  m i s  n o t  a  c o n s t a n t ,  h e n c e  e q u a t i o n  ( 5 » 1 . )  i s  no 
l o n g e r  l i n e a r .
The e q u i l i b r i u m  d i s t r i b u t i o n  o f  a c e t i c  a c i d  i n  t h e  
c a r b o n  t e t r a c h l o r i d e - w a t e r  s y s t e m  h a s  b e e n  d e t e r m i n e d  
e x p e r i m e n t a l l y  b y  J . B .  L e w i s .  F u r t h e r  r e s u l t s  h a v e  b e e n  
d e t e r m i n e d  i n  t h e  p r e s e n t  work  u s i n g  t h e  a n a l y t i c a l  
m ethod  d e s c r i b e d  by  D .F .  O th m e r ,  R .E .  W hite  an d  E. T r u e g e r  
( 4 8 ) .  The p r o c e d u r e  i s  b r i e f l y  d e s c r i b e d  b e lo w .
A bou t  20 c . c .  o f  c a r b o n  t e t r a c h l o r i d e  and  a n  a p p r o x i ­
m ate  e q u a l  amount o f  w a t e r  w ere  p l a c e d  i n  e a c h  o f  t w e l v e  
f l a s k s ,  d i f f e r e n t  q u a n t i t i e s  o f  a c e t i c  a c i d  r a n g i n g  f ro m  
0 . 5  t o  7 c . c .  w ere  t h e n  a d d e d  t o  e a c h  f l a s k ,  t h e  c o n t e n t s  
were  v i g o r o u s l y  s t i r r e d  a n d  t h e n  a l l o w e d  t o  s e t t l e .  A 
10 c . c .  s a m p le  was t a k e n  f rom  e a c h  l a g e r  i n  t h e  f l a s k  an d  
t h e i r  a c i d  c o n c e n t r a t i o n  was d e t e r m i n e d  b y  t i t r a t i o n .
The r e s u l t s  a n d  d a t a  g i v e n  b y  J . B .  L ew is  (4 9  a r e  
su m m ar i se d
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i n  T ab le  5*3* a s  a r e  t h e  p r e s e n t  e x p e r i m e n t a l  d a ta *  
These r e s u l t s  a r e  shown g r a p h i c a l l y  i n  Fig* 5*7*
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l a b l e  5*2 .
I m p o r t a n t  P h y s i c a l  P r o p e r t i e s  o f  t h e  S y s te m .
W a te r A c e t i c  a c i d C a rb o n  t e t r a c h l o r i d e
Formula h 2o CEUCOOH0
cci4
Formula w t . 1 8 .0 1 6 6 0 . 0 5 153.84-
Sp. g r . 1 . 0 0 1.04-9 1 . 3 9 3
M el t ing  P t . , ° C . 0 1 6 . 7 -  2 2 . 6
B o i l in g  P t . , ° C . 100 1 1 8 .1 7 6 . 8
S o l u b i l i t y  i n  
100 p a r t s  w a t e r - I n f i n i t e
0 . 0 8
Form L i q u i d L i q u i d L i q u i d
Colour C o l o u r l e s s C o l o u r l e s s C o l o u r l e s s
/
45
Table 5* 3* D i s t r i b u t i o n  o f  a c e t i c  a c i d  b e t w e e n  E^O a n d  CCl^
D ata  f rom J . B .  L ew is  (4-9) P r e s e n t
m e n t a l
e x p e r i -
d a t a
^e X y e X ^ e X
8 .0 0 . 1 2 4 0 9 . 5 27 13.4- 0 . 5 2
19.5 0 . 1 8 419 29 2 4 . 5 0 . 2 3
30 0 . 4 2 420 2 9 . 5 59 0 . 8
: 3 8 .5 O'. 65 4 2 7 . 5 30 7 9 . 5 1 . 7 5
4 8 .5 0 . 8 8 4 45 3 2 . 5 122 4 . 0
8 6 .5 1 . 9 2 4 4 6 . 5 3 2 . 5 1 6 2 . 5 5 . 9
9 6 .5 2 . 3 5 467 3 7 . 5 206 7 . 5
191.0 7 . 0 4-75 4 0 . 5 246 1 0 . 3
202 8 . 5 5 0 6 . 5 45 263 1 4 . 3
225 8 . 6 5071 45 3 1 7 . 5
1 6 . 8
286 14 | 515 47 368 2 1 . 2 5
331.5 1 5 . 5 3 9 9 .2 2 8 . 3
where
x  s= a c e t i c  a c i d  i n  CCl^ p h a s e ,  g m . / l .  
j Q = a c e t i c  a c i d  i n  B^O p h a s e ,  g m . / l •
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5 .5 -3*  The e m p i r i c a l  e q u a t i o n  o f  t h e  e q u i l i b r i u m  c u r v e .
I t  would, b e  o f  g r e a t  a d v a n t a g e  t o  e s t a b l i s h  s u c h  a n  
e q u a t i o n  f o r  t h e  c o n v e n i e n c e  o f  f u r t h e r  s t u d i e s  o f  eddy  
d i f f u s i v i t y  a n d  o v e r - a l l  m ass  t r a n s f e r  c o e f f i c i e n t .  The 
p o l y n o m i a l  e q u a t i o n  b e lo w  h a s  b e e n  d e r i v e d .  The m e th o d  o f  
l e a s t  s q u a r e s  h a s  b e e n  u s e d  a n d  i s  d e s c r i b e d  i n  a p p e n d i x  A . I .
y e = 4-2.8035 + 2 3 .3 9 8 6 5 x  -  0 .474-1813x2 + 0 .004-0?x3
( 5 . 2 . )
where y  = c o n c e n t r a t i o n  o f  a c e t i c  a c i d  i n  t h e  w a t e r  p h a s e ,  
g m . / l i t r e
x  = c o n c e n t r a t i o n  o f  a c e t i c  a c i d  i n  t h e  c a r b o n  
t e t r a c h l o r i d e ,  g m . / l i t r e .
T h i s  e q u a t i o n  i s  f o u n d  t o  s a t i s f a c t o r i l y  f i t  t h e
e x p e r i m e n t a l  r e s u l t s  e x c e p t  t h o s e  a t  v e r y  low  c o n c e n t r a t i o n s
o f  a c e t i c  a c i d  r a n g e .  The e x p e r i m e n t a l  c u r v e  a n d  t h a t  ^
r e p r e s e n t i n g  e q u a t i o n  5 * 2 .  a r e  g i v e n  i n  F i g .
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5 .4*  E x p e r i m e n t a l  T ech n iq u e s*
5 . 4 . 1 *  Flow m e a s u r e m e n ts .
The r a t e s  o f  f l o w  o f  w a t e r  a n d  ca rb o n  t e t r a c h l o r i d e  
were  i n d i c a t e d  by r o t a m e t e r s .  The c a l i b r a t i o n  c u r v e s  
f o r  t h e  r o t a m e t e r s  a r e  g i v e n  i n  F i g . 5 . 9 .  t o  F i g , 5 . 1 0 .
5*4*2 .  M easurement  o f  t h e  b a f f l e  o s c i l l a t i o n s .
The r a t e  o f  o s c i l l a t i o n  o f  t h e  b a f f l e  c o u l d  be  
v a r i e d  by t h e  Kopp v a r i a t i o n  e q u ip p e d  w i t h  a r e f e r e n c e  
i n d e x - c o n t r o l l e r . The Kopp v a r i a t o r  was c a l i b r a t e d  
f o r  r a t e s  o f  up  t o  1$0 o s c i l l a t i o n s / m i n .  by  v i s u a l  
c o u n t i n g  an d  r e c o r d i n g  a t  v a r i o u s  p o s i t i o n s  o f  t h e  
i n d e x  c o n t r o l l e r .  T h is  m ethod  was fo u n d  t o  be  s u f f i c i e n t l y  
a c c u r a t e .
In  t h e  e x p e r i m e n t a l  w ork ,  r a t e s  o f  35 ,  10 5 ,  150 and  
171 o s c i l l a t i o n s / m i n .  were  u s e d .  The c a l i b r a t i o n  c h a r t  
f o r  t h e  r e f e r e n c e  i n d e x - c o u n t e r  i s  g i v e n  i n  F i g , 5 . 1 1 ,
50
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5*4*3* S am pling  p r o c e d u r e .
For e a c h  m ass t r a n s f e r  r u n ,  a  v e ry  sm a l l  s t r e a m  
i . e .  5 c . c .  p e r  rain , o f  a q u eo u s  l i q u i d  x i^as drawn from  
a l l  sa m p lin g  c o c k s  t o  w a s t e .  T h is  o p e r a t i o n  u s u a l l y  l a s t e d  
a b o u t  30  t o  45 m in u te s  w h i le  w a i t i n g  a  s t e a d y  s t a t e  o p e r a t i o n  
t o  be  r e a c h e d .  I t  s e r v e d  a d u a l  p u r p o s e ,  t h e  f i r s t  t o  
d r a i n  o f f  a l l  l i q u i d  w hich  re m a in e d  i n  t h e  sa m p lin g  v a l v e  
from  t h e  p r e v i o u s  r u n ,  s e c o n d ly  t o  c l e a n  t h e  sa m p lin g  
v a lv e  and  f i l l  w i th  f r e s h  l i q u i d  from  t h e  co lum n. N ext a q u ic k  
t e s t  o f  s t e a d y  s t a t e  p e r fo rm a n c e  o f  t h e  column was made 
by t i t r a t i o n  and  a mass b a la n c e  c a l c u l a t i o n .  The l i q u i d s  
from  t h e  sa m p lin g  c o c k s  w ere  t h e n  d i v e r t e d  from  w a s te  t o  
sa m p lin g  b e a k e r s  when t h e  s t e a d y  s t a t e  had  been  r e a c h e d ,  
a q u a n t i t y  o f  60  -  70 c . c .  sam ple  was t a k e n  from  e a c h  
sa m p lin g  v a l v e ,  and 25 ml was u s e d  f o r  t i t r a t i o n  w here 
n e c e s s a r y ,  a n o t h e r  p o r t i o n  o f  25 ml c o u ld  be t i t r a t e d  
a s  a  c h e c k .  ^
5 . ^ . 4 .  A n a l y t i c a l  A p p a r a t u s .
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The t i t r a t i o n  o f  a c e t i c  a c i d  b o t h  i n  w a t e r  an d  c a r b o n  
t e t r a c h l o r i d e  was p e r f o r m e d  b y  u s i n g  a n  e l e c t r o n i c  a u t o m a t i c  
t i t r i m e t e r  (M odel 24 E l e c t r o n i c  I n s t r u m e n t s ,  L t d . ,  R ichm ond, 
S u r r e y ) .
The t i t r i m e t e r  c o n s i s t s  o f  two p a r t s ,  n am e ly  C o n t r o l  
u n i t  and  V o lu m e t r i c  T i t r a t i o n  U n i t .
A. C o n t r o l  U n i t  ( F i g .  5 * 1 2 . )
The C o n t r o l  U n i t  i s  i n  f a c t  a n  e l e c t r o n i c  pH m o to r ,  i n  
which t h e  o u t p u t  i s  u s e d  t o  c o n t r o l  a  s e t  o f  r e l a y s ,  i n s t e a d  
o f p r o d u c i n g  an  i n d i c a t i o n  on  a  m o to r ,  a  s m a l l  m o to r  i s ,  
h ow ev er ,  i n c l u d e d  t o  g i v e  a  H ig h -Z e ro -L o w  i n d i c a t i o n ,  
p r i n c i p a l l y  f o r  a d j u s t m e n t  a n d  c a l i b r a t i o n  p u r p o s e .
The m a in  c o n t r o l  i s  an  e n d p o i n t  s e t t i n g  d i a l ,  m o u n te d  
in  t h e  c e n t r e  o f  t h e  s l o p i n g  f r o n t  p a n e l .  T h i s  d i a l  i s  
c a l i b r a t e d  i n  pH u n i t s  3 t o  1 1 ,  and  i n  m i l l i v o l t s  f rom  1400 
to  - 8 0 0 ;  i t  c o n t r o l s  a  b a c k i n g - o f f  p o t e n t i a l  so  a r r a n g e d  
t h a t  when t h e  r e q u i r e d  e n d p o i n t  i s  r e a c h e d ,  t h e  a l g e b r a i c  
sum o f  t h e  b a c k i n g - o f f  p o t e n t i a l  i s  z e r o .  T h i s  r e s u l t s  i n  
t u r n  i n  a  z e r o  o u t p u t ,  w h ic h  a l l o w s  t h e  m a in  c o n t r o l  r e l a y  
t o  r e l e a s e ,  so  r e l e a s i n g  t h e  s u b s i d i n g  r e l a y ,  s w i t c h i n g  o f f  
th e  a p p a r a t u s  a n d  l i g h t i n g  t h e  c o m p l e t i o n  w a r n in g  la m p . The 
u l t i m a t e  o u t p u t  f ro m  t h e  u n i t  i s  u s e d  t o  c o n t r o l  t h e  
t i t r a t i o n  u n i t .
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B. V o lu m e t r ic  T i t r a t i o n  U n i t  ( a l s o  see  F ig * 5*12)
The v o l u m e t r i c  u n i t s  c o n s i s t  o f  a' s t a n d  c a r r y i n g  
a b u r e t t e ,  a  t a p e  u n i t ,  a b e a k e r  s u p p o r t ,  and  an  a s se m b ly  
c o n t a i n i n g  a m o to r - d r iv e n  s t i r r e r ,  c l i p s  t o  h o ld  t h e  
e l e c t r o d e s  (G la s s  and  C alom el e l e c t r o d e s ) ,  and 
t h e  d o u b le  wound s o l e n o i d  t h a t  o p e r a t e s  t h e  v a lv e s  
o f  t h e  t a p  u n i t .  The t a p  h a s  t h r e e  p o s i t i o n s  ( s e e  F i g . 5..13) 
F a s t ,  i n  w h ich  b o th  v a l v e s  a r e  o pen ; Slow, i n  which t h e  
u p p e r  valv .e  i s  c l o s e d ,  b u t  s lo w  p a s s a g e  o f  t h e  s o l u t i o n  
i s  p o s s i b l e  th r o u g h  a b y - p a s s  c u t  i n  t h e  v a l v e ,  w h i l s t  
t h e  lo w e r  v a l v e  i s  s t i l l  o p e n ,  and  O f f ,  i n  w h ic h  b o th  
v a lv e s  a r e  c l o s e d .  The p o s i t i o n  o f  t h e  v a l v e  i s  d e te rm in e d  
by w h e th e r  b o t h ,  o n ly  t h e  lo w e r ,  o r  n e i t h e r ,  o f  t h e  s o l e n o i d  
w in d in g s  i s  e n e r g i s e d .
The b u r e t t e ,  w h ich  h a s  g r a d u a t i o n s  for* 50 m l . ,  f i t s  
by means o f  a  g r o u n d - g l a s s  j o i n t  i n t o  t h e  t o p  o f  t h e  t a p  
u n i t .
5 6
F i g . 5 . 1 2 ,  p h o t o g r a p h  o f  t h e  A u tom at ic  
T i t r i m e t e r .  (The c o n t r o l  u n i t  and two t i t r a t i o n  u n i t s )
TWO-STAGE AUTOMATIC TAP
SLOW RATE
A D A P T O R
B O TTO M
P L U N G E R
( g l a s s  c o v e r e d
M ETAL SLUG)
f a s t  RATE
SLOWOFF FAST
BOTH PLUNGERS SEATED 
NO FLOW ,
FROM  BURETTE
TO P PLUNGER SEATED 
BOTTOM PLUNGER 
HELD O PEN
BOTTOM PLUNGER 
RAISED BY SOLENOID 
LIFTS TO P PLUNGER
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5-5* O p e r a t i n g  P r o c e d u r e .
5 .5 * 1 -  Mass T r a n s f e r  R uns.
W a te r  was u s e d  a s  a  c o n t i n u o u s  p h a s e  i n  t h e  p r e s e n t  
work, so t h a t  b e f o r e  s t a r t i n g  a  r u n ,  t h e  e n t i r e  co lum n was 
f i l l e d  w i t h  w a t e r .  The w a t e r  f lo w  r a t e  a n d  t h e  r a t e  o f  t h e  
b a f f l e  o s c i l l a t i o n  w ere  t h e n  f i x e d  a t  t h e  d e s i r e d  v a l u e s .
The c a r b o n  t e t r a c h l o r i d e , w h ic h  c o n t a i n e d  t h e  a c e t i c  a c i d  
to  be  e x t r a c t e d  was f e d  i n t o  t h e  t o p  o f  t h e  co lum n a t  t h e  
d e s i r e d  c o n s t a n t  f lo w  r a t e ,  an d  was d i s p e r s e d  i n t o  d r o p l e t s  
by t h e  o s c i l l a t i n g  b a f f l e .  W a te r  f lo w e d  c o u n t e r c u r r e n t  t o  
th e  c a rb o n  t e t r a c h l o r i d e - a c e t i c  a c i d  s o l u t i o n .  A s t e a d y  
o p e r a t i o n  was o b t a i n e d  a f t e r  30 t o  45  m i n u t e s .  The 
a t t a i n m e n t  o f  a  s t e a d y  s t a t e  was c h e c k e d  b y  a  m a s s - b a l a n c e  
c a l c u l a t i o n  on t h e  a c e t i c  a c i d  from  t h e  o b s e r v e d  f lo w  r a t e s ,  
th e  c o n c e n t r a t i o n  x^ ( t h e  i n i t i a l  c o n c e n t r a t i o n  o f  a c e t i c  
a c id  i n  c a rb o n  t e t r a c h l o r i d e )  and  t h e  a c i d  c o n t e n t s  o f  
c a rb o n  t e t r a c h l o r i d e  -  and  w a t e r  -  p h a s e  l e a v i n g  t h e  colum n 
(xg and  y ^  r e s p e c t i v e l y ) . I n  g e n e r a l  t h i s  m a t e r i a l  b a l a n c e  
checked  w i t h i n  2 t o  5 p e r  c e n t .  A l l  e x p e r i m e n t s  w ere  
c a r r i e d  o u t  a t  room t e m p e r a t u r e ,  i . e .  b e tw e e n  17°  an d  22°  C. 
S ix  sa m p le s  o f  t h e  w a t e r  p h a s e  w ere  a l s o  t a k e n  from  t h e  
sa m p lin g  c o c k s  a lo n g  t h e  co lum n . The m eth o d  o f  t a k i n g  
sam ples h a s  b e e n  d e s c r i b e d  i n  s e c t i o n  5-^»3*
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5 .9 * 2 .  P e r c e n t a g e  H old-U p o f  t h e  D i s p e r s e d  P h a s e .
T h e re  a r e  s e v e r a l  m e th o d s  w h ic h  c a n  b e  u s e d  t o  
d e te rm in e  t h e  f r a c t i o n a l  vo lum e o f  t h e  d i s p e r s e d  p h a s e  (<Pp) 
i n  t h e  co lum n . I n  p r i n c i p l e  cp^  c a n  be  fo u n d  b y  u s i n g  a  
m anom eter t o  d e t e r m i n e  t h e  a v e r a g e  d e n s i t y  o f  t h e  l i q u i d  
i n  t h e  e x t r a c t i o n  s e c t i o n .  A n o th e r  m eth o d  i s  t o  s i m u l t a n e o u s l y  
sh u t  t h e  i n l e t  an d  o u t l e t  v a l v e s  on t h e  co lum n t h u s  t r a p p i n g  
th e  c o n t e n t  i n s i d e  t h e  c o lu m n . The c o n t e n t s  a r e  t h e n  rem oved  
and a l lo w e d  t o  s e p a r a t e  o u t  i n  a  g r a d u a t e d  v e s s e l .  H ow ever, 
t h e s e  m e th o d s  a r e  n o t  s u f f i c i e n t l y  a c c u r a t e .  I n  t h e  f o r m e r
m ethod due  t o  t h e  s h o r t  l e n g t h  o f  t h e  co lum n t h e  m an o m ete r
r e a d i n g s  a r e  s m a l l  an d  w e t t i n g  d i f f i c u l t i e s  a r i s e .
I n a c c u r a c i e s  i n  t h e  l a t t e r  m e th o d  a r e  due  t o  t h e  u p p e rm o se  
and t h e  l o w e s t  p o r t i o n s  o f  t h e  l i q u i d  i n  t h e  co lum n b e i n g  
in c lu d e d  i n  t h e  m e a s u re m e n ts .
A m o d i f i c a t i o n  o f  t h e  s e c o n d  m eth o d  was a d o p te d  i n  
t h i s  w o rk . The w i r e  mesh was rem oved  fro m  t h e  s a m p l in g  
cocks  No. 4- an d  No. 6  ( c o u n t e d  from  t h e  t o p ) ,  w h ic h  w ere  
th e n  c o n n e c te d  t o  a  s a m p l in g  t u b e  f i t t e d  w i t h  a  w i d e - b o r e  
s t o p - c o c k .  W ith  b o t h  c o c k s ,  t h e  s t o p - c o c k  was t h e n  
su d d e n ly  o p e n ed  d u r i n g  n o rm a l  o p e r a t i o n ,  a b o u t  2  l i t r e s  o f  
th e  l i q u i d  i n  t h e  co lum n  w ere  c o l l e c t e d  i n  a  m a t t e r  o f
s e c o n d s .  The f r a c t i o n a l  vo lum e o f  t h e  d i s p e r s e d  p h a s e  was
m easu red  a f t e r  s e p a r a t i n g  t h e  tw o p h a s e s .
The r e l a t i v e  h o l d - u p  m e a s u re m e n ts  w ere  a lw a y s  c a r r i e d
o u t  i n  d u p l i c a t e *  In  m ost c a s e s  t h e  tw o  d e t e r m i n a t i o n s  
check ed  w i t h i n  5$
SECTION 6 .
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E x p e r i m e n t a l  R e s u l t s .
6 . 1 .  G e n e r a l  R em ark s .
Two s e r i e s  o f  e x p e r i m e n t a l  r u n s  w ere  c a r r i e d  o u t .
(1 )  C o n s t a n t  f l o w - r a t i o .
The r a t i o  o f  w a t e r  a n d  c a r b o n  t e t r a c h l o r i d e  f lo w  r a t e
^HpO
was k e p t  c o n s t a n t  ( —-------  = 1 ) , w h i l e  t h e  t o t a l  t h r o u g h - p u t
CCI4.
was v a r i e d ,  20  ^  (cpg q + T q q j  ) ^  150  l . / h r .
2 4-
( 2 )  C o n s t a n t  t h r o u g h - p u t .
The t o t a l  t h r o u g h - p u t  was k e p t  c o n s t a n t ,
t h 2o
tps  0  + cpcci = 1 0 °  l * / h r .  w h i l e  ~— — was v a r i e d  from  0 . 5  
2 4- OCl^
t o  4-.
I n  b o t h  s e r i e s ,  f o u r  r a t e s  o f  b a f f l e  o s c i l l a t i o n s  w ere  
u se d  ( 5 5 ? 7 2 , 1 0 6 ,  a n d  175  o s c i l l a t i o n s / m i n . ) .
I n  a l l  o f  t h e  e x p e r i m e n t a l  r u n s ,  t h e  w a t e r  e n t e r i n g  
th e  colum n was f r e e  from  a c e t i c  a c i d  an d  s a t u r a t e d  w i t h  
c a rb o n  t e t r a c h l o r i d e ,  a n d  t h e  c a r b o n  t e t r a c h l o r i d e  /
e n t e r i n g  t h e  co lum n  was s a t u r a t e d  w i t h  w a t e r .
From a  t h e o r e t i c a l  s t u d y  o f  l o n g i t u d i n a l  m ix in g  i n  a  
c o n t a c t i n g  d e v i c e ,  a l t h o u g h  t h e  e x t r a c t  p h a s e  e n t e r i n g  t h e  
column i s  f r e e  f ro m  t h e  s o l u t e ,  due t o  l o n g i t u d i n a l - m i x i n g  
t h e r e  i s  a  jump o f  s o l u t e  c o n c e n t r a t i o n  from  -  0  t o
y i n l e t  “ e n ^ r a n c e * c o r r e c t  v a l u e  o f  y ^  i s
v e ry  d i f f i c u l t  t o  d e t e r m i n e  e i t h e r  e x p e r i m e n t a l l y  o r  
t h e o r e t i c a l l y .  Thus -  0 w e re  u s e d  t o  p l o t  t h e
c o n c e n t r a t i o n  p r o f i l e s  i n  t h i s  s e c t i o n .
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6 . 2 .  R e s u l t s  o f  c o n s t a n t  f l o w - r a t i o  r u n s .
6 . 2 . 1 .  C o n c e n t r a t i o n  p r o f i l e s  on a q u e o u s  p h a s e .
The r e s u l t s  o f  m ass t r a n s f e r  r u n s  a t  c o n s t a n t  f l o w -
r a t i o  ( ---------  = 1) a r e  t a b u l a t e d ,  i n  T a b le  6 . 1 .  and  t h e
<pcc i4
c o n c e n t r a t i o n  p r o f i l e s  o f  t h e  a q u e o u s  p h a s e  a r e  shown i n  
F ig .  6 . 1 .  t o  F i g .  6 . 4 .
The c o n c e n t r a t i o n  p r o f i l e s  f o r  b a f f l e  r a t e s  o f  35 and  
72 o s c i l l a t i o n s / m i n .  r i s e  v e r y  s h a r p l y  a t  t h e  lo w e r  end  o f  
th e  co lum n , b u t  so o n  f l a t t e n  o f f .  B ut t h e  c o n c e n t r a t i o n  
p r o f i l e s  f o r  b a f f l e  r a t e s  o f  106 a n d  175  o s c i l l a t i o n s / m i n .  
a r e  o f  a  q u i t e  d i f f e r e n t  s h a p e .  I n  g e n e r a l ,  a s  t h e  r a t e  o f  
th e  b a f f l e  o s c i l l a t i o n  i n c r e a s e s ,  t h e  c o n c e n t r a t i o n  p r o f i l e  
becomes s t e e p e r  a n d  t h e  e f f i c i e n c y  o f  e x t r a c t i o n  i n c r e a s e s .
The ch an g e  i n  t h e  sh a p e  o f  t h e  c o n c e n t r a t i o n  p r o f i l e  c a n  b e  
e x p la in e d  b y  t h e  f o l l o w i n g  c o n s i d e r a t i o n s .
1 .  E f f e c t  o f  t h e  a c e t i c  a c i d  d i s t r i b u t i o n  c o e f f i c i e n t .
The e q u i l i b r i u m  d i s t r i b u t i o n  c u rv e  f o r  c a r b o n  J
t e t r a c h l o r i d e - a c e t i c  a c i d - w a t e r  s y s te m  shows t h a t  t h e  
p r o p o r t i o n  o f  a c e t i c  a c i d  i n  t h e  w a t e r  p h a s e  d e c r e a s e s  w i t h  
th e  o v e r a l l  a c e t i c  a c i d  c o n c e n t r a t i o n .  At t h e  b o t to m  o f  t h e  
co lum n, t h e  d i s p e r s e d  p h a s e  o f  a  r e l a t i v e l y  low  a c e t i c  a c i d  
c o n c e n t r a t i o n  comes i n t o  c o n t a c t  w i t h  f r e s h  w a t e r .  The 
r a t e  o f  m ass t r a n s f e r  i s ,  t h e r e f o r e ,  h i g h e s t  a t  t h e  
b o tto m  o f  t h e  co lum n  d e c r e a s i n g  r a p i d l y  w i t h  t h e  h e i g h t
63
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of t h e  co lum n . Thus a  l a r g e r  p r o p o r t i o n  o f  t o t a l  a c e t i c  
a c id  t r a n s f e r r e d  t a k e s  p l a c e  i n  t h e  f i r s t  few  i n c h e s  a t  
the  b o t to m  o f  t h e  co lum n i f  t h e  i n t e r p h a c i a l  a r e a  i s  
n e a r l y  c o n s t a n t  i n  t h e  c o lu m n , i . e .  when t h e  r a t e  o f  
b a f f l e  o s c i l l a t i o n  i s  35 o r  7 2 .
2 .  E f f e c t  o f  b a f f l e  s p e e d .
The movement o f  t h e  b a f f l e  d i s p e r s e s  t h e  c a r b o n  
t e t r a c h l o r i d e  i n  w a t e r  ( t h e  c o n t i n u o u s  p h a s e ) . As t h e  
b a f f l e  s p e e d  i s  i n c r e a s e d ,  t h e  d i s p e r s e d  p h a s e  i s  b r o k e n  
up i n t o  p r o g r e s s i v e l y  s m a l l e r  g l o b u l e s  w i t h  t h e  f o l l o w i n g  
r e s u l t s .
( a )  I n c r e a s e d  num ber o f  g l o b u l e s  o f  a  s m a l l e r  d i a m e t e r  
and h e n c e  t h e  i n t e r f a c i a l  a r e a  p e r  u n i t  m ass  o f  t h e  d i s p e r s e d  
p h ase  i n c r e a s e s .
(b )  The r e s i d e n c e  t im e  o f  t h e  g l o b u l e  i s  c o n s i d e r a b l y  
i n c r e a s e d  s i n c e  t h e  r a t e  o f  f a l l  d e c r e a s e s  w i t h  d i a m e t e r
( 5 0 , 5 1 . ) .
T h u s ,  t h e  e f f e c t  o f  i n c r e a s i n g  t h e  b a f f l e  s p e e d  i s  t o  
i n c r e a s e  t h e  t o t a l  m ass  t r a n s f e r  i n  t h e  co lum n and  t o  
i n c r e a s e  t h e  f r a c t i o n  o f  t h e  t o t a l  m ass t r a n s f e r r e d  i n  t h e  
u p p e r  s e c t i o n  o f  t h e  co lum n .
6 . 2 . 2 .  P e r c e n t a g e  H old-U p o f  t h e  d i s p e r s e d  p h a s e .
The p e r c e n t a g e  h o l d - u p  o f  t h e  d i s p e r s e d  p h a s e  i n  t h e  
c o n t in u o u s  p h a s e  a t  c o n s t a n t  f l o w - r a t e  r a t i o  r u n s
(~— —  8 1 )  i s  t a b u l a t e d  i n  T a b le  6 . 2 . ,  an d  i s  shown 
^CCl^
g r a p h i c a l l y  i n  F i g .  6 .3 *
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T a b le  6 . 2 .  The r e s u l t s  o f  % H o ld -u p  e x p e r i m e n t s .
Exp.
No.
1 W ate r  
1 f lo w  
| r a t e
!
-i—  ----— ■
j C a r to n  
(T e tra ­
c h l o r i d e  
f lo w  
r a t e
j s a f f l e
s p e e d
o s c . / m i n .
V o l .  o f  
d i s p e r s e d  
p h a s e , 
c . c .
T  ----------- ------------
| T o t a l  
volum e 
p h a s e  
c . c .
1I /0| H o ld -u pji
1 23 25 35 5 1995
 ^ ..........
0 .2 5
2 33 35 35 9 1900 0 .4 7
3 4-3 45 35 11 1900 0 .5 8
4 60 60 35 2 1 .5 1955 1 .1 0
3 73 75 35 28 1968 1 .4 2
6 20 20 7 1 .7 6 9 2000 0 .4 5
7 30 30 7 1 .7 6 11 1950 0 .5 6
8 45 45 7 1 .7 6 25 2000 1 .2 5
9 60 60 7 1 .7 6 54 1935 1 .7 6
10 75 75 7 1 .7 6 44 1985 2 .2 2
11 20 20 1 0 5 .8 8 18 1995 0 .9 0
12 30 30 1 0 5 .8 8 23 1953 1 .1 8
13 4-5 45 1 0 5 .8 8 36 2026 1 .7 8
W
'
60 60 1 0 5 .8 8 51 1990 2 .5 6
15 75 75 1 0 5 .8 8 64 1995 3 .2 1
16 i 20 20 1 7 5 .3 8 60 1980 3 .0 5
17 30 30 1 7 5 .3 8 91 1950 4 . 6 7
18 45 4 5 1 7 5 .3 8 144 !i 2034 7 .0 8
19 !1 60 60 1 7 5 .3 8 204 2020 1 0 .1 0
20 |
ii
75 75
f
1 7 5 .3 8
i
255 1995 1 2 .7 8
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6 .3 *  C onstan t:  t h r o u g h - p u t  r u n s .
6.3*1* C o n c e n t r a t i o n  p r o f i l e s  o f  t h e  a q u e o u s  p h a s e .
The r e s u l t s  o f  t h e  m ass t r a n s f e r  r u n s  a t  a  c o n s t a n t
th r o u g h - p u t  ((pg q + <pQQ-j_ -  100 l . / h r . )  a r e  t a b u l a t e d ,  i n
2 4-
T ab le  6 .3 *  and  t h e  c o n c e n t r a t i o n  p r o f i l e s  o f  t h e  a q u e o u s  
ph ase  a r e  shown i n  F i g .  6 . 6 .  t o  F i g .  6 .9 *
I n  g e n e r a l ,  t h e s e  c o n c e n t r a t i o n  p r o f i l e s  a r e  o f  t h e  
same sh a p e  a s  t h o s e  d e s c r i b e d  u n d e r  c o n s t a n t  f l o w - r a t i o  
ru n s  ( s e c t i o n  6 . 2 . 1 . )  t h e r e f o r e  a l l  t h e  e x p l a n a t i o n s  
d e s c r i b e d  i n  s e c t i o n  6 . 2 . 1 .  a r e  a l s o  a p p l i c a b l e  t o  t h i s  c a s e .
6 .3 * 2 .  P e r c e n t a g e  h o l d - u p  o f  t h e  d i s p e r s e d  p h a s e .
The r e s u l t s  o f  t h e  c o n s t a n t  t h r o u g h - p u t  r u n s  g i v i n g  
th e  p e r c e n t a g e  h o l d - u p  o f  t h e  d i s p e r s e d  p h a s e  i n  t h e  
c o n t in u o u s  p h a s e  a r e  t a b u l a t e d  i n  T a b le  6.4-. and  shown 
g r a p h i c a l l y  i n  F i g .  6 . 1 0 .
/tuH
^3-U^
*‘<vCi.
*> %<x
A >"/e. *■
/Vo, t. A J, <& S* <?6 fr *T *jS
/ / 4o 9 o X.vTJ* /.?o /•4 k Aoo ACO /•C/ Aoi /3-ik /•3k
/* ■•' * AS 3 0 /•H AeS /VS /Vi /•?i /•So ZsSi /f/i 244
/S MS? z 0 9.CS 9S<* &./S 23 i 937 /fv(> /•*6f
SV •SO /  ■ o 4 vs <f»/o A* 4* 4 vs £3* J*9o /.J6 //3 /•.of
-2jr // 333 i 0.S* o H‘>0/&•• /?,St f/ So//•ss s/S/ /Ah /M± /o-S)
2<( &o 9 0 &• So *?4r /•So /•CO /VS ASo //3'7 a a
/? ' :. /» ,; V.-,.. AS* 3 0 c*?s o3k /••S' /•S* /•?c /•Oo /••/ /3m 3>o9
/• ' s* o z o /•OS /•H /•/o ASS Jvo JvS /Vc* /9,3 S-Af
Zf M so / o X/o S+o S3k 3/s 3>SS /•/c /•cS /#/6 6?f
3o / // jjjj t-s o //vs /JvS /J.fS syjo /<£•£• /%?o /Sic '/.*•
-V3/ /OS f $» * v c-/S 0* f0 c.fk A0(/ Afrb 3*2- o 33 s /43s 4'>A
3d ■''■ w. " 3 o ovs 0>?S AS* A So 3/S 9/s 9, ss /43i
• • *# . CC&7 Z \ 0 c,9s /ao /•fa JJS 'S/I- //./a S%A&
/# ■', SO / 0 / s**o 3k0 0 •S%£\) ?••* /Osf9//•o /A o/£/* S39
// 333} ■Vr.-., p vf!/o /•.os /)%00 //• 2XW *>•* /Act /S'fi 3,4?
<Ar.y 4ro ;:■ 9 o cvs CVS S/o /•So /VS 93/ /4fj 0V7
' ^ AS VJ'/j; o 0%Oi A/o C'f’9 /•So 3*0 0 •S*So S&jr /&>J 034
■"■• * '.: a^7 Z ' 6 o»ok CVS /Vo 3*ou •So 0 /.*iS Jv? /&3J CVf
<*; So _ /  ; . o CVS /Uo JtSo /•{>• /3* &/hi /b<t /AOs *>•</
*6 ■ //"'■" 3J3i o*s 0 t A9S %O0 &/• /iVk */Cb SKk dS/ /Ah CVi
40 4^ * 4&
/#)* Ojt yj'* C&/t4**-py)
/ v -S’. >.
*  ***y<  .*t,
v>
** *r .^ 0 .;'
*>. C /+ o * «  ta & a * , e£  * 4 +  Co/ ^ h )
a  /*,Ts 3
■ : ’ ✓©
^  y?* » ^o/ kh»v*)
78
T a b le  6.4-.
The r e s u l t s  o f  p e r c e n t a g e  H o ld -u p  e x p e r i m e n t s .
Exp.
No.
W ate r  
f lo w  
r a t e ,
l . / h r .
i CC1 , f lo wi 4-
j r a t e ,  <p , 
l . / h r .  s
! B a f f l e  
s p e e d  
| o s c . / m i n .
i,
V o l .  o f  
CCI4.
c . c .
I
T o t a l
v o l .
c . c .
%
H o ld -u p
21 3 3 -3 3 6 6 .6 7 35 20 2 0 2 0 0 .9 9
22 50 50 35 16 1855 0 .8 6
23 6 6 .6 7 3 3 .3 3 35 10 2 0 1 0 0 .5 0
24- 75 25 35 5 1975 0 .2 5
25 80 20 35 2 2046 0 .1 0
26 3 3 -3 3 6 6 .6 7 7 1 .7 6 25 1075 2 .3 3
27 50 50 7 1 .7 6 2 7 .4 2 0 1 7 .4 1 .3 6
28 6 6 .6 7 3 3 .3 3 7 1 .7 6 1 6 .5 5 2122 0 .7 8
29 75 25 7 1 .7 6 1 1 .5 2060 0 .5 6
30 80 20 7 1 .7 6 9 2037 0 .4 4
31 3 3 .3 3 6 6 .6 7 1 0 5 .8 8 54 2004 2 .6 9
32 50 50 1 0 5 .8 8 39 1939 2 .0 1
33 6 6 .6 7 3 3 .3 3 1 0 5 .8 8 24 1964 1 .2 2
34 75 25 1 0 5 .8 8 19 1959 0 .9 7
35 80 20 1 0 5 .8 8 14 2 000 0 .7 0
36 3 3 .3 3 6 6 .6 7 1 7 5 -3 8 190 2 0 3 0 9 .3 6
37 50 50 1 7 5 .3 8 153 1910 8 .0 1
38 6 6 .6 7 3 3 .3 3 1 7 5 -3 8 108 2 038 5 .3 0
39 75 25 1 7 5 -3 8 88 1 9 8 8 4 .4 3
40 80
I
20 1 7 5 .3 8 72 1978 3 .6 4
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SECTION 7 .
D i r e c t  c a l c u l a t i o n  r e s u l t s  from  e x p e r i m e n t a l  
work  and  d i s c u s s i o n s .
7 * 1 .  F r a c t i o n a l  E x t r a c t i o n  a lo n g  t h e  co lum n ( ^ “) •y^
7 . 1 . 1 .  The f r a c t i o n a l  e x t r a c t i o n  p r o f i l e s .
The f r a c t i o n a l  e x t r a c t i o n  o f  a c e t i c  a c i d  from  t h e
c a rb o n  t e t r a c h l o r i d e  t o  t h e  w a t e r  p h a s e  a lo n g  t h e  co lum n
h as  b e e n  c a l c u l a t e d  b o t h  f o r  t h e  c o n s t a n t  f lo w  r a t i o  r u n s
(Run N os. 1 -2 0 )  and  t h e  c o n s t a n t  t h r o u g h - p u t  r u n s  (R uns
Nos. 2 1 - 4 0 ) .  The r e s u l t s  o f  t h e  c o m p u ta t io n  by  u s i n g  a
F e r r a n t i  S i r i u s  C om pute r  a r e  shown i n  T a b le  7*1* w here
F .E . » f r a c t i o n a l  e x t r a c t i o n  = an d  Z «
y T n
7 . 1 . 2 .  D im e n s io n l e s s  p e r c e n t a g e  e x t r a c t e d  d ia g r a m .
R e f e r  t o  F i g .  7 * 1 .  C o n s i d e r  a  s e c t i o n  o f  t h e  co lum n
bounded b y  t h e  d o t t e d  l i n e ,  o f  h e i g h t  z f rom  t h e  b o t to m  o f
th e  co lum n . I f  t h e  f r e s h  w a t e r  f r e e  from  a c e t i c  a c i d
( i . e .  y-g -  0 )  e n t e r s  t h e  co lum n a t  t h e  lo w e r  e n d ,  i t  w i l l
have a  c o n c e n t r a t i o n  o f  y  when i t  r e a c h e s  a h e i g h t  z .  I f
th e  e x i t  c o n c e n t r a t i o n  o f  t h e  a c e t i c  a c i d  i n  t h e  w a t e r
ph ase  i s  y ^  and  t h e  t o t a l  h e i g h t  i s  h ,  t h e n  we h a v e
Z = ~  = t h e  f r a c t i o n a l  h e i g h t  ( o r  vo lu m e) t h r o u g h
which t h e  w a t e r  p h a s e  p a s s e s  i n  r e a c h i n g  t h e  d o t t e d  l i n e .
y  _ JL  .. f r a c t i o n a l  e x t r a c t i o n  o f  t h e  a c e t i c
y T
a c id  from  c a r b o n  t e t r a c h l o r i d e  t o  w a t e r  when i t
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TABLE 7 . 1 .  THE FRACTION EXTRACTION ALONG THE COLUMN 
EXP. NO. E . E .  AT Z = 0,1/17,2/17,3/17.......16/17,1.
1 0 .0 0 0 0 .9 2 9 0 .9 3 9 0 .9 4 9 0 .9 5 7 0 .9 6 4
1 0 .9 7 0 0 .9 7 5 0 ,9 7 9 0 .9 8 3 0 .9 8 6 0 .9 8 8
1 0 ,9 91 0 .9 9 2 0 .9 9 4 0 .9 9 7 0 .9 9 8 1 ,0 0 0
2 0 .0 0 0 0 .8 9 2 0 .9 1 0 0 .9 2 5 0 .9 3 9 0 .9 5 0
2 0 .9 6 4 0 .9 7 4 0 .9 8 0 0 .9 8 4 0 .9 9 1 0 .9 9 2
2 0 .9 9 4 0 .9 9 5 0 ,9 9 7 0 .9 9 8 0 .9 9 9 1 .0 0 0
3 0 .0 0 0 0 .8 7 7 0 .8 9 6 0 .9 0 9 0 .9 2 0 0 .9 2 9
3 0 .9 41 0 .9 5 1 0 .9 5 8 0 .9 6 5 0 .9 7 2 0 .9 7 7
3 0 .9 81 0 .9 8 6 0 .9 9 0 0 .9 9 5 0 .9 9 9 1 .0 0 0
V 0 ,0 0 0 0 .8 6 2 0 .8 8 2 0 .8 9 7 0 .9 1 2 0 .9 2 5
b 0 ,9 3 8 0 .9 4 9 0 .9 6 1 0 .9 6 6 0 .9 7 2 0 .9 7 5
b 0 .9 7 9 0 .9 8 6 0 .9 8 8 0 .9 9 1 0 .9 9 5 1 .0 0 0
5 0 .0 0 0 0 .8 3 9 0 .8 5 6 0 .8 7 3 0 .8 8 9 0 ,9 0 1
5 0 .9 1 3 0 .9 2 7 0 .9 3 8 0 .9 4 7 0 .9 5 7 0 .9 6 3
5 0 .9 7 0 0 .9 7 7 0 .9 8 1 0 .9 8 9 0 .9 9 2 1 .0 0 0
6 0 .0 0 0 0 .7 4 8 0 .7 7 7 0 .8 0 2 0 .8 2 5 0 .8 4 9
6 0 .8 7 0 0 .8 9 0 0 .9 0 8 0 .9 2 5 0 .9 4 2 0 .9 5 2
6 0 .9 6 6 0 .9 7 6 0 .9 8 5 0 .9 9 1 0 .9 9 9 1 .0 0 0
7 0 .0 0 0 0 .6 7 7 0 .7 1 3 0 .7 4 3 0 .7 7 2 0 .8 0 0
7 0 .8 2 7 0 .8 5 4 0 .8 7 9 0 .9 0 0 0 .9 1 9 0 .9 3 5
1 0 .9 51 0 .9 6 5 0 .3 7 8 0 .9 8 8 0 .9 9 4 1 .0 0 0
8 0 .0 0 0 0 .6 9 4 0 .7 2 9 0 .7 5 9 0 .7 9 1 0 .8 1 9
8 .0 .8 4 6 0 .8 7 1 0 .8 9 3 0 ,9 1 3 0*9 30 0 .9 4 5
8 0 .9 6 0 0 .9 7 2 0 .9 8 3 0 .9 9 0 0 .9 9 6 1 .0 0 0
9 0 .0 0 0 0 .7 0 1 0 .7 2 8 0 .7 4 9 0 .7 7 4 0 .7 9 5
9 0 .8 1 7 0 .8 4 1 0 .8 6 2 0 .8 8 2 0 .9 0 1 0 .9 1 8
9 0 .9 3 4 0 .9 5 0 0 .9 6 5 0 .9 7 8 0 .9 9 1 1 .0 0 0
0 .0 0 0 0 .6 4 1 0 .6 8 5 0 .7 2 1 0 .7 5 4 0 * 7 8 8
0 .8 21 0 .8 5 0 0 ,8 7 7 0 .8 9 9 0 .9 1 9 0 .9 3 8
0 .9 5 2 0 .9 6 6 0 ,9 7 9 0 .9 8 6 0 .9 9 4 1 .0 0 0
0 .0 0 0 0 .2 0 9 0 .3 4 1 0 .4 3 8 0 .5 2 2 0 .5 9 6
0 .6 6 2 0 .7 2 1 0 .7 7 4 0 .8 2 0 0 .8 5 9 0 .8 9 4
0 ,9 2 6 0 .9 5 1 0 .9 7 1 0 .9 8 5 0 .9 9 4 1 .0 0 0
0 .0 0 0 0 .1 6 7 0 .3 0 9 0 .4 2 7 0*521 0 .6 0 6
0 .6 7 6 0 .7 3 7 0 .7 8 6 0 .8 2 9 0 .8 6 4 0 .8 9 7
0 .9 2 4 . 0 .9 4 8 0 .9 6 7 0 ,9 8 1 0 ,9 9 2 1 .0 0 0
0 .0 0 0 0 .1 4 8 0 .2 6 9 0 .3 7 4 0 .4 6 3 0 .5 4 1
0 .6 0 8 0 .6 6 8 0 .7 2 3 0 ,7 7 4 0 ,8 2 3 0 .8 6 7
0 ,9 0 4 0 .9 3 3 0 .9 5 7 0 .9 7 6 0 .9 9 0 1 .0 0 0
0 .0 0 0 0 .1 8 3 0 .3 3 6 0 ,4 5 8 0 .5 5 8 0 .6 4 4
0 .7 1 6 0 .7 7 6 0 .8 2 5 0 .8 6 3 0 ,8 9 1 0 .9 1 5
0 .9 3 6 0 .S 5 4 0 .9 7 0 0 ,9 8 3 0 .9 9 3 1 .0 0 0
0 .0 0 0 0 ,1 0 7 0 .1 9 9 0 .2 7 6 0 ,3 4 6 0 ,4 1 1
15
0 ,4 7 7 0 .5 3 6 0 ,5 9 3 0 ,6 4 9 0 .7 0 1 0 ,7 5 2
0 .8 0 2 0 .8 4 7 0 .8 9 1 0 .9 3 3 0 .9 6 0 1 .0 0 0
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(continued)
16 0 .0 0 0 0 .0 6 8 0 ,1 4 7 0 .2 2 4 0 .2 9 4 r 0 .3 6 0
16 0 .4 2 6 0 .4 8 9 0 ,5 4 9 0 „610 0 .6 7 3 0 .7 3 2
16 0 ,7 8 6 0 .8 3 5 0 .8 8 2 0 .9 2 3 0 .9 6 3 1 .0 0 0
17 0 .0 0 0 0 .0 8 7 0 .1 6 1 0 .2 3 2 0 .3 0 4 0 *3 72
17 0 .4 3 8 0 ,5 0 3 0 .5 6 7 0 .6 2 8 0 .6 8 6 0 *7 43
17 0 .7 9 8 0 .8 5 3 0 .8 7 7 0 .9 4 4 0 .9 7 6 1 .0 0 0
18 0 .0 0 0 0 .0 9 4 0 ,1 6 5 0 ,2 3 2 0 .2 9 5 0 .3 5 8
18 0 ,4 1 9 0 .4 7 9 0 .5 4 0 0 ,6 0 0 0 ,6 5 8 0 .7 4 5
18 0 ,7 6 8 0 .8 2 3 0 ,8 7 5 0 ,9 2 4 0 .9 6 7 1 .0 0 0
19 0 ,0 0 0 0 .1 0 1 0 .1 8 1 0 ,2 5 7 0 .3 3 0 0 .4 0 1
19 0 .4 6 8 0 ,5 3 6 0 ,6 0 0 0 .6 6 3 0 .7 2 3 0 .7 8 0
19 0 .8 3 6 0 .8 8 8 0 ,9 3 1 0 .9 6 2 0 .9 8 5 1 .0 0 0
20 0*000 0 .1 1 2 0*193 0 .2 7 0 0 .3 3 8 0 .4 0 5
20 0 .4 6 9 0 ,5 3 6 0 .6 0 1 0 .6 6 2 0 ,7 1 8 0 .7 7 2
20 0 .8 2 3 0 ,8 7 2 0 .9 1 8 0 .9 5 1 0 .9 7 7 1 .0 0 0
21 0 .0 0 0 0 .7 0 5 0 .7 2 7 0 .7 6 4 0 ,7 7 7 0 .8 0 9
21 0 .8 2 3 0 ,8 5 0 0 .8 6 4 0 .8 7 3 0 ,8 9 1 0 .8 9 5
21 0 ,9 0 0 0 .9 0 5 0 .9 0 9 0*932 0 .9 5 5 1 .0 0 0
22 0 .0 0 0 0 ,6 5 5 0 ,7 1 0 0 .7 5 0 0 .7 8 2 0 .8 1 0
22 0 .8 3 3 0 .8 5 7 0 .8 7 3 0 .8 9 7 0 .9 1 3 0*933
22 0 .9 5 2 0 .9 6 4 0 .9 8 4 0 ,9 9 2 0 .9 9 6 1 .0 0 0
23 0 .0 0 0 0 .8 4 9 0 .8 7 2 0 ,8 9 4 0 .9 1 7 0 .9 3 3
23 0 .9 4 5 0 .9 6 3 0 *9 70 0 .9 7 7 0 .9 8 4 0 .9 8 6
23 0 .9 8 9 0 .9 9 1 0 .9 9 3 0 .9 9 5 0 .9 9 8 1 .0 0 0
24 0 .0 0 0 0 .8 0 2 0 .8 5 0 0 ,8 8 5 0 .9 1 0 0 .9 3 4
24 0 .9 4 7 0 .9 6 0 0 .9 7 0 0 .9 8 2 0 .9 8 7 0 ,9 9 2
24 0 .9 9 4 0 ,9 9 5 0 ,9 9 6 0*9 98 0 ,9 9 9 1 .0 0 0
25 0 ,0 0 0 0 ,9 3 4 0 .9 5 1 0 ,9 6 2 0 .9 7 3 0 .9 7 9
25 0 .9 8 4 0 *9 89 0*991 0 .9 9 5 0 .9 9 6 0 .9 9 7
25 0 .9 9 7 0 .9 9 8 0 .9 9 8 0 *9 99 0 .9 9 9 1 .0 0 0
26 0 .0 0 0 0 .2 1 7 0 .2 9 6 0 ,3 4 8 0 .4 1 3 0 .4 7 4
26 0 .5 2 2 0 ,5 7 8 0 .6 3 5 0 .6 7 4 0 .7 0 9 0 .7 5 2
26 0 ,7 9 6 0 .8 3 9 0 .8 8 3 0 .9 2 6 0 .9 6 1 1 .0 0 0
27 0 .0 0 0 0 ,2 0 0 0 .2 7 5 0 .3 5 0 0 .4 0 0 0 .4 5 5
27 0 ,5 0 5 0 .5 6 0 0 .5 1 5 0 .6 5 5 0 .7 0 0 0 .7 5 0
27 0 ,8 0 0 0 ,8 5 0 0 .9 0 0 0 ,9 5 0 0 *9 75 1 .0 0 0
28 0 .0 0 0 0 .3 5 9 0 .4 2 5 0*4 88 0 .5 4 1 0 .5 9 4
28 0 .6 4 7 0 .6 9 4 0 .7 4 1 0 .7 8 1 0*816 0 *8 53
28 0 .8 8 8 0 .9 1 6 0 .9 4 4 0 .9 6 9 0 .9 8 4 1 ,0 0 0
29 0 .0 0 0 0 .6 0 3 0 .6 4 5 0 .6 7 9 0 .7 1 4 0 .7 5 0
29 0 .7 7 8 0 .8 0 6 0 .8 3 5 0 ,8 5 7 0 .8 7 8 0 .9 0 1
29 0 ,9 1 9 0 .9 3 8 0 ,9 5 9 0 .9 7 6 0 ,9 9 0 1 .0 0 0
30 0 ,0 0 0 0 ,8 0 1 0 .8 2 8 0 .8 5 0 0 .8 7 0 0*8 88
30 0 .9 0 3 0 .9 1 8 0 ,9 3 0 0 .9 4 1 0 .9 5 2 0 .9 6 1
30 0 .9 6 9 0 .9 7 8 0 .9 8 5 0 ,9 9 1 0 .9 9 5 1 .0 0 0
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31 0 ,0 0 0 0 * 0 3 0 0 .0 6 0 0 ,0 9 9 0 .1 2 8 0 .1 7 9
31 O0224 0 *2 69 0 .3 0 7 0 .3 7 3 0 ,4 4 8 0 ,5 3 1
31 0 ,5 9 7 0 .6 8 7 0 .7 7 6 0 ,8 3 6 0 ,9 1 0 1 .0 0 0
32 0 ,0 0 0 0 ,0 4 4 0 .0 8 8 0 .1 2 3 0 ,1 5 4 0 ,1 8 7
32 0 ,2 4 2 0 .3 0 3 0 .3 5 8 0 .4 4 0 0 .5 0 1 0 ,5 7 1
32 0 ,6 4 4 0 ,7 0 8 0 .7 9 1 0 ,8 5 7 0 .9 2 3 1 ,0 0 0
33 0 .0 0 0 0 .0 3 5 0 ,0 7 8 0 .1 2 1 0 .1 6 3 0 .2 0 8
33 0 ,2 5 1 0 .3 1 5 0 .3 9 8 0 .4 8 4 0 ,5 8 8 0 .6 8 3
33 0 ,7 6 1 0 .8 3 9 0 .9 0 0 0 .9 4 3 0 ,9 7 2 1 .0 0 0
34 0 ,0 0 0 0 .0 5 2 0 ,1 1 0 0 ,1 6 7 0 .2 2 5 0 .2 8 7
34 0 ,3 5 8 0 ,4 3 6 0 .5 1 9 0 .6 0 8 0 .7 0 0 0 .7 8 3
34 0 ,8 5 0 0 .9 0 3 0 ,9 4 2 0 .9 6 7 0 .9 8 3 1 .0 0 0
35 0 ,0 0 0 0 .0 8 9 0 .1 8 3 0 .2 0 1 0 .3 6 9 0 .4 5 5
35 0 .5 2 9 0 .6 0 4 0 .6 7 1 0 .7 3 5 0 .7 9 2 0 .8 4 4
35 0 ,8 9 1 0 .9 2 5 0 .9 5 5 0 .9 7 8 0 .9 9 9 1 .0 0 0
36 0 ,0 0 0 0 .0 0 5 0 .0 0 9 0 .0 1 4 0 .0 1 8 0 .0 2 3
36 0 ,0 4 5 0 .0 6 8 0 ,1 0 2 0 .1 3 6 0 .2 0 5 0 .2 7 3
36 0 .3 6 4 0 .4 5 5 0 .5 6 8 0 ,7 0 5 0 .8 6 4 1 *0 00
37 0 ,0 0 0 0 ,0 0 9 0 .0 1 8 0 ,0 2 7 0 .0 3 6 0 ,0 5 5
37 0 .0 7 3 0 .1 0 9 0 ,1 4 5 0 .1 8 2 0 .2 6 2 0 ,3 2 7
37 0 ,4 1 8 0 .5 0 9 0 .6 3 6 0 ,7 6 9 0 ,9 0 9 1 .0 0 0
38 0 .0 0 0 0 .0 1 2 0 .0 2 4 0 .0 3 6 0 .0 4 8 0 .0 7 2
38 0 .1 0 2 0 .1 4 5 0 .1 9 5 0 ,2 5 3 0 .1 3 9 0 .3 9 8
38 0 ,4 8 2 0 ,5 9 0 0 ,6 9 9 0 ,8 0 1 0 ,9 1 6 1 .0 0 0
39 0 .0 0 0 0 .0 1 8 0 *0 36 0 ,0 5 4 0 ,0 7 6 0 .1 0 1
39 0 ,1 3 6 0 ,1 7 4 0 ,2 2 3 0 .2 8 3 0 ,3 4 8 0 .4 2 4
39 0 .5 1 1 0 ,6 0 3 0 ,7 0 ? 0 .8 1 5 0 .9 2 4 1 .0 0 0
40 0 ,0 0 0 0 ,0 2 3 0 ,0 4 8 0 .0 7 7 0 .1 0 8 0 .1 3 9
40 0 .1 7 9 0 .2 2 2 0 .2 7 8 0 .3 4 1 0 .4 1 8 0 .5 0 0
40 0 .5 9 7 0 .6 9 3 0 .7 9 0 0 ,8 8 1 0 ,9 5 5 1 .0 0 0
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r e a c h e s  t h e  d o t t e d  l i n e .
By u s i n g  Y a s  an o r d i n a t e  and Z a s  an  a b s c i s s a ,  
t h e  r e s u l t s  i n  T a b le  7 .1 ..  can  be p l o t t e d  i n  a  s e r i e s  
o f  d im e n s io n i e s s  g r a p h s .
F i g .  7 . 2 ,  i s  a t y p i c a l  d iag ra m  b a s e d  on d i m e n s i o n i e s s  
f i g u r e s  f o r  t h e  c o n s t a n t  f lo w  r a t i o  r u n s .  The r u n s  No*4,
9 , 14 a n d  19 h av e  b e en  c h o sen  f o r  t h e i r  c o n s t a n t  f lo w  
r a t e s  o f  l i q u i d s  b u t  u n d e r  d i f f e r e n t  b a f f l e  s p e e d s ,  F ig .7 » 3 »  
g iv e s  t h e  same c o m p a r iso n  o f  su ch  d im e n s io n i e s s  c u rv e s  f o r  
r u n s ,  24, 29, 34 and  39 b u t  u n d e r  t h e  c o n s t a n t  t h r o u g h - p u t  r u n s
7 * 1 .3 .  D i s c u s s io n s  o f  t h e  d i m e n s i o n i e s s  f r a c t i o n a l  e x t r a c t i o n  
d iag ra m .
In  S e c t io n  6 . 2 . 1 .  we d i s c u s s e d  t h e  g e n e r a l  p e r fo rm a n c e  
o f  t h e  o s c i l l a t i n g  b a f f l e  co lum n. As t h e  r a t e  o f  t h e  b a f f l ev
o s c i l l a t i o n  i n c r e a s e s ,  t h e  c o n c e n t r a t i o n  p r o f i l e  becom es 
s t e e p e r ,  and t h e  e f f i c i e n c y  o f  e x t r a c t i o n  i n c r e a s e s .
A d i a g o n a l  i s  drawn b o th  i n  F ig .  7-2* and  F ig .  7*3 
I t  i s  c l e a r  t h a t  i n  b o t h  c a s e s  t h e  f r a c t i o n a l  e x t r a c t i o n  
c u rv e s  l i e  i n  t h e  u p p e r -m o s t  p o s i t i o n  when th e  b a f f l e  
o s c i l l a t i o n  sp e ed  i s  a t  i t s  minimum. These  f r a c t i o n a l  
e x t r a c t i o n  c u r v e s  move downwards to w a rd s  t h e  d i a g o n a l  
o f  t h e  d ia g ra m  when t h e  r a t e  o f  t h e  b a f f l e  o s c i l l a t i o n  i s  
i n c r e a s e d ,  In  o t h e r  w ords t h e  a r e a  bounded  by a c u rv e  
and t h e  d i a g o n a l  may be r e g a r d e d  a s  an  i n d i c a t i o n  o f  
th e  e x t r a c t i o n  p e r fo rm a n c e  o f  t h e  co lum n ,
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As h a s  b e e n  p r e v i o u s l y  s t a t e d  t h e  p e r f o r m a n c e  o r  d u t y  
of t h e  co lum n i n c r e a s e s  w i t h  i n c r e a s i n g  b a f f l e  o s c i l l a t i o n  
sp e ed .  A t any  v a lu e  o f  g  i n c r e a s e d  b a f f l e  s p e e d  r e s u l t s  
in  a d e c r e a s e  i n  p e r c e n t a g e  e x t r a c t i o n  and  an  i n c r e a s e  i n  
d u ty ,  so  t h a t  a t  h i g h e r  s p e e d s  a  com prom ise  b e tw e e n  
p e r c e n ta g e  e x t r a c t i o n  and  d u ty  c a n  b e  a r r i v e d  a t .
/
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9 .2 .  C a l c u l a t i o n s  o f  ’m ea su re d .1 N „  and  (H ,  andoy v oy'M
a v e ra g e  (K a )a v .
The ’m e a s u r e d ’ num ber o f  t r a n s f e r  u n i t s  h a s  b e e n  
d e f in e d  i n  S e c t i o n  4 .  and  i s  g i v e n  by
(N ( 4 . 2 . )
The v a l u e s  o f  ( ^ 0y ) ^  h a v e  b e e n  c a l c u l a t e d  b y  
n u m e r ic a l  i n t e g r a t i o n  u s i n g  S im p so n ’ s r u l e  b o t h  f o r  
c o n s t a n t  f lo w  r a t i o  an d  c o n s t a n t  t h r o u g h - p u t  r u n s .  The 
a v e ra g e  o f  t h e  p r o d u c t  o f  t h e  m ass  t r a n s f e r  c o e f f i c i e n t  
and i n t e r f a c i a l  a r e a ,  ( K a )a v , an d  (H0y ) ^  b a s e d  on t h e  
e x t r a c t  p h a s e  h a v e  b e e n  e v a l u a t e d  from  e q u a t i o n
and
(N
(K a) = ... o.T-M—2 ( 7 .1 . ) ^ ' a v .  h  vr /
The r e s u l t s  a r e  shown i n  T a b le  7*1* &&& t h e  v a l u e s  o f  
(K a)av  a r e  p l o t t e d  i n  F i g .  7*5* and  F i g .  7*8. f o r  t h e  
c o n s t a n t  f lo w  r a t i o  r u n s .  F i g .  7«7* i s  a  p l o t  o f  ( K a ) a v , s 
f lo w  r a t i o  f o r  t h e  c o n s t a n t  t h r o u g h - p u t . r u n s .
A p p e n d ix  A3 i s  an  ex am ple  o f  t h e  c a l c u l a t i o n  o f  
(N0y ) i  and  (K a )a v  f o r  t h e  r u n  No. 11 .
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T A B L E  7 , 1 «
T H E  M E A S U R E ! )  ( N oy ) m A N D  A V E R A G E  K A  E O R  C O N S T *  F L O W  R A T I O  R U N S
N O .  O E  R U N (  N  oy )  M (  K A  )av ( H oy  ) «
1 0 e0 44
-3“CO•CD 6 3 .8 6
2 0 .0 3 8 0 .4 0 74*59
3 0*045 0 .6 1 6 2 .9 3
4 0 .0 2 8 0 ,5 1 1 0 1 .6 1
5 0 .0 3 2 0 .7 2 8 9 .1 5
6 0 .0 3 8 0 ,2 3 7 5 .5 1
7 0 .0 3 5 0 .3 1 8 2 .1 0
8 0 .0 4 2 0*57 6 8 .1 2
9 0 ,0 3 9 0 .7 0 7 2 .9 5
10 0 ,0 3 9 0*89 7 1 .8 7
11 0 .0 6 2 0 .3 7 4 6* 07
12 0 *0 65 0 .5 9 4 3 .3 3
13 0 .0 6 9 0 .9 3 4 1 .2 0
14 0 .0 7 2 1 .3 0 3 9 .5 4
15 0 .0 7 1 1 .6 1 3 9 .8 6
16 0 .0 7 8 0 .4 7 3 6 .1 4
17 0 .1 1 7 1 .0 6 2 4 ,1 2
18 0 .1 1 5 1 .5 7 2 4 .5 7
19 0 .1 0 7 1 .9 3 2 6 .5 5
20 0 .1 2 7 2 .8 8 2 2 .2 7
M E A S U R E D  ( N oy ) m A N D  A V E R A G E  K A  E O R  C O N S T , T H R O U G H P U T  R U N S
N O .  O E  R U N (  N  0 y ) m (  K  A  )ay ( H o y  ) m
21 0 .0 0 7 0 .1 7 4 0 2 .0 1
22 0 ,0 0 9 0 .2 1 3 1 2 ,6 5
2 3 0 .0 1 5 0 .3 1 1 8 5 .8 2
24 0 .0 3 0 0 .4 5 /  9 5 ,8 9
25 0*0 62 0 .6 3 /  4 5* 62
26 0 .0 0 8 0 .2 0 '  3 5 0 .6 5
27 0 .0 0 9 0 .2 1 3 0 6 .5 9
28 0*0 15 0 .3 0 1 9 0 .5 6
29 0 .0 3 0 0 .4 5 94* 74
30 0 .0 6 4 0 .6 4 4 4 .4 0
31 0 ,0 1 3 0 .3 2 2 1 0 .8 6
32 0 .0 1 8 0 .4 0 1 5 9 .0 8
33 0 .0 2 4 0 .4 8 1 1 9 .4 6
3 4 0 ,0 4 9 0 .7 4 5 7 .9 6
3 5 0 .1 2 6 1*27 2 2 ,4 9
36 0 ,0 2 9 0 *7 0 9 8 .4 2
37 0 .0 3 6 0 .8 2 7 8 .5 3
38 0 .0 5 6 1 .1 3 5 0 .4 0
39 0 .1 1 5 1 .7 3 2 4 .7 4  .
40 0 .2 5 3 2 .5 4 1 1 .2 1 1 *
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SECTION 8 .
T h e o r e t i c a l  I n v e s t i g a t i o n s .
8 . 1 .  G e n e r a l  D i f f e r e n t i a l  E q u a t io n s  
f o r  a  D i f f e r e n t i a l  C o n t a c t o r  M ode l.
8 . 1 . 1 .  D e r i v a t i o n  o f  t h e  g e n e r a l  d i f f e r e n t i a l  e q u a t i o n .
As t h e  b a f f l e  u s e d  i n  t h i s  s t u d y  e x te n d e d  t h r o u g h o u t  
th e  c o lu m n , t h e  b e h a v i o u r  o f  t h i s  o s c i l l a t i n g  b a f f l e  co lum n 
can  be  d e s c r i b e d  a s  a  d i f f e r e n t i a l  c o n t a c t i n g  d e v i c e .  T h i s  
h a s  b e e n  p r o v e d  b y  t h e  c o n t i n u o u s  c o n c e n t r a t i o n  p r o f i l e s .  
T h e r e f o r e  s u c h  a  d i f f e r e n t i a l  c o n t a c t o r  m o d e l w i l l  b e  
d e v e lo p e d  a n d  a p p l i e d  i n  t h i s  t h e s i s  f o r  t h e  i n v e s t i g a t i o n  
o f  t h e  e x p e r i m e n t a l  d a t a .
I t  s h o u ld  b e  o b s e r v e d  t h a t  w h i l e  t h e  m odel c o n s i d e r e d  
h e re  i s  d e v e lo p e d  p r i n c i p a l l y  f o r  o s c i l l a t i n g  b a f f l e  
c o n t a c t o r ,  i t  h a s  g e n e r a l  a p p l i c a t i o n  t o  many t y p e s  o f  
c o n t a c t o r s .
C o n s i d e r  an  e le m e n t  o f  p h a s e  i  i n  a n  o s c i l l a t i n g  
b a f f l e  c o n t a c t o r ,  shown s c h e m a t i c a l l y  i n  F i g .  8 . 1 .  w here  a  
s o l u t e  i s  b e i n g  e x t r a c t e d  from  a  r i c h  o r g a n i c  p h a s e  i n t o  
w a te r  a s  t h e  two i m m i s c ib l e  s o l v e n t s  f lo w  c o u n t e r - c u r r e n t l y  
th r o u g h  t h e  c o n t a c t i n g  d e v i c e .  The colum n may b e  c o n s i d e r e d  
as  a  d i f f e r e n t i a l  c o n t a c t o r  so  t h a t  t h e  e q u a t i o n  o f  c o n s e r ­
v a t i o n  o f  m ass  c a n  b e - w r i t t e n  i n  i t s  m o s t  g e n e r a l  fo rm  
( i n  t h i s  c a s e  f o r  t h e  s o l u t e ) .
A
//
*
/
/
//
<>£>>
/
^y y ** ‘^*h
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! Net r a t e  o f  c h a n g e ^  j  \  A fe t  s e l f  l o s s e s ^
N e t g e n e r a t i o n  o f  / due  t o  s e l f
/
j o f  m ass  w i t h  t im ei1
\ i n  an  e le m e n t  o f m ass i n  e le m e n t  / d i f f u s i o n  fro m
/  \ i
p h a se  i  /  \  • / e l e m e n t  /
'N e t  l o s s e s  duo \  flSeb l o s s e s  due  t o  m a s s ^  
- I  t o  c o n v e c t i o n  -  / t r a n s f e r  a c r o s s  t h e
i I !
^ f r o m  t h e  e l e m e n t /  e le m e n t  i n t e r f a c e  /
( 8 - 1 . )
Where t h e r e  i s  no g e n e r a t i o n  o f  m a s s ,  and  w here  t r a n s p o r t  
o f  m ass b y  m o l e c u l a r  s e l f  d i f f u s i o n  may be  a ssum ed  n e g l i ­
g i b l e  com p ared  t o  t h a t  t r a n s p o r t e d  b y  eddy d i f f u s i o n ,  t h e n  
th e  e q u a t i o n  8 . 1 ,  c a n  be  w r i t t e n  i n  v e c t o r  n o t a t i o n  a s  
f o l lo w s
r)C. —>
- j —51 - ~ [ d i v  (-IN  g r a d  CN)] -  [ d i v  (U^ C j /3  -  tp(CN) ( 8 . 2 . )
/
where C. -  s o l u t e  c o n c e n t r a t i o n  i n  p h a s e  i  x
t  * t im e
UN ss m ass  mean v e l o c i t y  o f  p h a s e  i
Ei  = eddy  d i f f u s i v i t y  o f  s o l u t e  i n  p h a s e  i
cp(Ci ) « i n t e r p h a s e  m ass  t r a n s f e r  te rm
I f  TJN a n d  a r e  a ssum ed  t o  b e  c o n s t a n t s ,  e q u a t i o n  
( 8 . 2 . )  c a n  b e  s i m p l i f i e d  t o
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1- j y  -  \  ( d i v .  g r a d  Ch) -  ( I h . g r a d ^  -  <p(Ch) ( 8 . 3 . )
I n  c y l i n d r i c a l  c o - o r d i n a t e s  t h i s  e q u a t i o n  becom es
ac, i \ ac. , yc .  y-c.3- *nt JL f /  /  __IL \  J -   1  1
IF “ Ei X J5 (r I"F + 5 ~ w ~  + 7F~
dc. u„ ,)c. 3c.
-  Ur T r  + T  1 9 s + Uz "Jz “  ^
where r ,  9 ,  z a r e  c y l i n d r i c a l  c o - o r d i n a t e s  a s  shown i n
F ig .  8 . 2 .  U , UQ, U a r e  co m p o n en ts  o f  U . .j? y z jl
S in c e  t h e  e x p e r i m e n t a l  m e a su re m e n ts  w ere  c o n d u c te d  a t
s t e a d y  s t a t e  c o n d i t i o n s  w i t h  t h e  f lo w  c o n f i n e d  t o  t h e
z - d i r e c t i o n  and w i t h  r a d i a l  and  a n g u l a r  c o n c e n t r a t i o n
g r a d i e n t s  n e g l i g i b l e  t h e n  e q u a t i o n  ( 8 . 4 . )  may b e  s i m p l i f i e d
t o ;  ^
d 2 C . dC,
E. ^  -  Uz -  (pCcp = 0 ■ (8 .5 .)
By a s su m in g  t h e  e x i s t e n c e  o f  t u r b u l e n t  d i f f u s i o n  i n  b o t h
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p h a s e s ,  and  t h a t  i n t e r p h a s i a l  m ass  t r a n s f e r  c a n  b e  
r e p r e s e n t e d  b y  an  o v e r a l l  m ass t r a n s f e r  c o e f f i c i e n t  t i m e s  
a c o n c e n t r a t i o n  d r i v i n g  f o r c e ,  e q u a t i o n  ( 8 . 5 * )  c a n  b e  
w r i t t e n  f o r  b o t h  y  ( a q u e o u s )  and  x  ( o r g a n i c )  p h a s e .
where E = eddy  d i f f u s i v i t y  o f  o r g a n i c  p h a s e  f o r  t h e2C
Two s i m i l a r  e q u a t i o n s  t o  e q u a t i o n s  ( 8 . 6 a )  and  ( 8 . 6 b ) ,  
b u t  d i f f e r i n g  i n  s i g n s  i n  t h e  s e c o n d  and  t h i r d  t e r m s  h a v e  
b e en  o b t a i n e d  b y  M ig a u c h i  (3 9 .4 -0 ) .  T h i s  d i f f e r e n c e  i n  
s ig n s  i s  due  t o  t h e  o p p o s i t e  d i r e c t i o n  o f  e x t r a c t  and  
r a f f i n a t e  p h a s e s  i n  t h e  w ork  o f  M ig a u c h i  and  t h e  p r e s e n t  
w ork .
( 8 . 6 a . )
( 8 . 6 b . )
two p h a s e  sy s te m  
E -  eddy  d i f f u s i v i t y  o f  a q u e o u s  p h a s e  f o r  t h e  
two p h a s e  sy s te m
/
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8 o l . 2 .  D i s c u s s i o n  o f  t h e  g e n e r a l  d i f f e r e n t i a l  e q u a t i o n .
The g e n e r a l  d i f f e r e n t i a l  e q u a t i o n s  ( 8 . 6 a )  an d  ( 8 .6 b )  
were d e r i v e d  on a  b a s i s  o f  t h e  f o l l o w i n g  a s s u m p t io n s  and  
l i m i t a t i o n s :
1 .  The co lum n i s  a  d i f f e r e n t i a l  c o n t a c t i n g  d e v i c e  
witlima f i x e d  f ra m e  o f  r e f e r e n c e  w here  no  d i s c o n t i n u i t i e s  
e x i s t  i n  t h e  c o n c e n t r a t i o n  p r o f i l e  e x c e p t  p o s s i b l y  a t  
t h e  e x tre m e  e n d s .
2 .  The l i q u i d  s y s te m  i n v o l v e d  a r e  t e r n a r y ,  w i t h  two 
im m is c ib le  s o l v e n t  p h a s e s .
3 .  F low  i s  o n e - d i m e n s io n a l  o n ly  a n d  t h e  tw o p h a s e s  
f lo w  c o n c u r r e n t l y  ( t h e  c o n c e n t r a t i o n  g r a d i e n t  i n  t h e  r a d i a l  
and a n g u l a r  d i r e c t i o n s  c a n  b e  n e g l e c t e d ) .  The mean 
s u p e r f i c i a l  v e l o c i t i e s  o f  e a c h  p h a s e  a r e  c o n s t a n t .
4 .  The o p e r a t i o n  i s  s t e a d y  s t a t e .
3 .  The n e t  g e n e r a t i o n  o f  m ass i s  z e r o .  /
6 .  I n t e r p h a s i a l  m ass t r a n s f e r  c a n  b e  r e p r e s e n t e d
a c c o r d i n g  t o  t h e  ' t w o - f i l m 1 t h e o r y .
7* Eddy d i f f u s i o n  i s  r e p r e s e n t a b l e  by  F i c k ' s  Law,
w i th  c o n t r i b u t i o n s  from  m o l e c u l a r  d i f f u s i o n  assum ed  
n e g l i g i b l e .
8 ,  The eddy  d i f f u s i v i t y  o f  e a c h  p h a s e  i s  a  c o n s t a n t
th r o u g h o u t  t h e  co lum n .
The two g e n e r a l  d i f f e r e n t i a l  e q u a t i o n s  d e f i n e d  a r e  
a lw ays v a l i d  w h e t h e r  t h e  e q u i l i b r i u m  d i s t r i b u t i o n  c o e f f i c i e n t
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and t h e  p r o d u c t  o f  t h e  m ass t r a n s f e r  c o e f f i c i e n t  and  
th e  i n t e r f a c i a l  a r e a  a r e  c o n s t a n t  t h r o u g h o u t  t h e  co lum n 
o r  n o t .
N ote : The v a l u e  o f  Ka c a n  he  c a l c u l a t e d  b a s e d  e i t h e r  on
e x t r a c t  p h a s e  o r  on r a f f i n a t e  p h a s e ;  i n  t h i s  t h e s i s  i t  i s  
a lw ays r e f e r r e d  t o  t h e  e x t r a c t  p h a s e ,  i . e .  t h e  a q u e o u s  
p h a s e ,  t h u s  no  s u b s c r i p t  h a s  b e e n  ad d ed  t o  t h e  sym bol K a.
/
7
/
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8 . 2 .  G e n e r a l  D i f f e r e n t i a l  E q u a t io n s  
f o r  a  D i f f e r e n t i a l  C o n t a c t o r  Model o f  m and  Ka 
c h an g e  a lo n g  t h e  co lum n,
The m eth o d  d e s c r i b e d  b e lo w  f o r  s o l v i n g  t h e  
d i f f e r e n t i a l  e q u a t i o n s  ( 8 . 6 a )  and  (8 v 6 b )  f o r  c e r t a i n  
s p e c i a l  c a s e s  i s  new and  v a l i d  b u t  t h e  e s t a b l i s h m e n t  o f  
v a l u e s  f o r  c o e f f i c i e n t s  Uq , a^> e tc *  i n v o l v e s  t e d i o u s  
c a l c u l a t i o n s .  However i t  i s  t h o u g h t  t h a t  t h e  m eth od  
i t s e l f  i s  m o s t  i n t e r e s t i n g  a n d  f o r  t h i s  r e a s o n  s h o u l d  b e  
i n c l u d e d  i n  t h i s  t h e s i s .
8 . 2 . 1 .  G e n e r a l  c o n s i d e r a t i o n .
As p o i n t e d  o u t  i n  t h e  l a s t  p a r a g r a p h  o f  t h e  s e c t i o n
8 . 1 . 2 .  e q u a t i o n s  ( 8 . 6 a )  and  ( 8 .6 b )  a r e  a lw a y s  v a l i d ,  
w h e th e r  o r  n o t  t h e  e q u i l i b r i u m  d i s t r i b u t i o n  c o e f f i c i e n t ,  m, 
and t h e  p r o d u c t  o f  t h e  m ass t r a n s f e r  c o e f f i c i e n t  a n d  t h e  
i n t e r f a c i a l  a r e a ,  K a, a r e  c o n s t a n t  t h r o u g h o u t  t h e  c o lu m n . /
Smoot a n d  Labb ( 4 1 ) ( 4 6 )  assum ed  t h a t  Ka i s  a  c o n s t a n t
th r o u g h  t h e  c o lu m n , and  t h a t  t h e  e q u i l i b r i u m  d i s t r i b u t i o n
c o e f f i c i e n t  i s  n o t  a  f u n c t i o n  o f  c o n c e n t r a t i o n ,  i . e .
y  ss mx and  m = c o n s t a n t  ** e
and t h e y  d e v e lo p e d  two g e n e r a l  a n a l y t i c a l  e q u a t i o n s  f o r  t h e  
aqueous a n d  o r g a n i c  c o n c e n t r a t i o n  p r o f i l e s .
H ow ever ,  i n  m ost  c a s e s  t h e  e q u i l i b r i u m  d i s t r i b u t i o n  
c o e f f i c i e n t ,  m, i s  n o t  a  c o n s t a n t  ( r e f e r  t o  s e c t i o n  5 * 3 * 2 . )  
n o r  i s  Ka a  c o n s t a n t  t h r o u g h o u t  t h e  w hole  c o lu m n , so  t h a t  - 
s p e c i a l  c o n s i d e r a t i o n  m u s t  be  g i v e n  t o  t h e s e  c a s e s .
I n  s e c t i o n  6 . 2 ,  we h a v e  d i s c u s s e d  t h e  f a c t  t h a t  t h e  
c o n c e n t r a t i o n  p r o f i l e  c h a n g e d  c o n t i n u o u s l y  a lo n g  t h e  
colum n, and  t h e  i n t e r f a c i a l  a r e a  was fo u n d  t o  i n c r e a s e  
c o n t i n u o u s l y  a lo n g  t h e  co lum n w h i le  t h e  d i s p e r s e d  p h a s e  
f lo w in g  downw ards h a d  b e e n  b r o k e n  up i n t o  s m a l l e r  d r o p s  by  
th e  o s c i l l a t i o n  o f  t h e  b a f f l e .  As a  r e s u l t  o f  t h e s e  two 
f a c t s  we c a n  assum e w i t h o u t  g r e a t  e r r o r  t h a t  t h e  p r o d u c t  o f  
th e  m ass t r a n s f e r  c o e f f i c i e n t  and  t h e  i n t e r f a c i a l  a r e a  i s  
an unknown c o n t i n u o u s  f u n c t i o n  a lo n g  t h e  co lu m n , i . e .
Ka = f ( z ) .  I n  t h e  p r e s e n t  s t u d y  we w i l l  assum e t h a t  a  
p o ly n o m ia l  f u n c t i o n  t o  d e f i n e  t h e  r e l a t i o n s h i p  b e tw e e n  Ka 
to  z .  A p o ly n o m ia l  f u n c t i o n  i s  r e l a t i v e l y  e a s y  t o  d e v e lo p  
and i s  s im p le  t o  m a n i p u l a t e ,  i . e .  d i f f e r e n t i a t e  and  
i n t e g r a t e .
I n  s e c t i o n  5*3*2 . we h a v e  shown t h a t  t h e  e q u i l i b r i u m
d i s t r i b u t i o n  c o n c e n t r a t i o n  y Q i s  a  f u n c t i o n  o f  x ,  a s  x  i s
©
a f u n c t i o n  o f  z t h e n  t h e  e q u i l i b r i u m  c o n c e n t r a t i o n  y 0 may
be e x p r e s s e d  i n  e i t h e r  o f  t h e  f o l l o w i n g  w ays:
(1 )  y 0 i s  a  f u n c t i o n  o f  y ,  i . e .  y 0 = f ^ ( y )
(2 )  y e i s  a  f u n c t i o n  o f  z ,  i . e .  y g =
I n  t h e  abo ve  two c a s e s ,  a  p o ly n o m ia l  f u n c t i o n  i s  a l s o  
u sed  f o r  t h e  r e a s o n s  m e n t io n e d  a b o v e .
. * 2 . 2 .  G e n e r a l  d i f f e r e n t i a l  e q u a t i o n s  i f  y @ i s  e x p r e s s e d  
i n  t e r m s  o f  z ,
I n  e q u a t i o n s  ( 8 . 6 a )  an d  ( 8 .6 b )  i f  we assum e
^m m
y e 55 b 0 + b l s  + 1°2 z,Z + »*• + s  'bqZ1 ' ( 8 . 7 . )
and
Ka = CQ + C±z + C2 z 2 + . . .  + C z11 = Z c .z0 ( 8 . 8 . )
n
where n  ~ 0 ,  1 ,  2 ,  3 > . . .  
m ~ 1 ) 2 , 3 9 . . .
( s e e  n o t e )
th e n  e q u a t i o n s  ( 8 . 6 a )  and  ( 8 . 6 b )  become
-,2 H n  . m
Ey 35? S  + S (S V 1 -  y) .  0 (8 .9 0
Ex d 7 + V x l -  g c j z V  -  y )  = o ( 8 .1 0 . )
T hese  e q u a t i o n s  c a n  be  s o l v e d  a n a l y t i c a l l y  f o r  n  = 0 ,  
and m 1 ,  i . e .  when Ka i s  c o n s t a n t  and  e q u i l i b r i u m  i s  
l i n e a r .  H ow ever , f o r  t h e  p r e s e n t  c a s e  w h ich  i s  g e n e r a l ,  
n > 0 and  m > 1 t h a t  Ka i s  n o t  c o n s t a n t  and  e q u i l i b r i u m  
n o n - l i n e a r .  F o r  s u c h  c a s e s  t h e  g e n e r a l  e q u a t i o n s  f o r  t h e  
c o n c e n t r a t i o n  p r o f i l e s  c a n n o t  b e  s o l v e d  a n a l y t i c a l l y .
I ,  V A
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8 . 2 . 3« G e n e r a l  d i f f e r e n t i a l  e q u a t i o n s  i f  v  i s  e x p r e s s e dQ
i n  t e r m s  o f  y .
a .  G e n e r a l  d i f f e r e n t i a l  e q u a t i o n s .  
I f  'w e assum e
m
7 e = b 0 + h 7  + h 7 * + • • •  + bmy m = ^  ( 8 . 1 1 . )
•n n  *iKa = C + C ,z  + G0z + . . .  + C z = L C . z J ( 8 . 1 2 . )o -L c. n  q j
w h ere  m = 1 ,  2 ,  3 *
( s e e  n o t e )
n  = 0 ,  1  ^ 2> 3  ^ . . .
t h e n  e q u a t i o n s  ( 8 . 6 a )  and  ( 8 . 6 b )  t a k e  t h e  fo rm  o f
,2 , n  . m
Ey  i #  -  V y  S  + s  C . z ^  (2  b . y 1 -  y )  = 0 ( 8 . 1 5 . )
E — f  + V  v 5 - S C  .z^ (E b . y 1 -  y )  = 0 ( 8 . 1 4 . )x  dz x  dz o <3 o
I f  m > 1 ,  t h e n  e q u a t i o n s  ( 8 .1 3 * )  and  ( 8 . 1 4 . )  a r e  n o n ­
l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  and  i t  i s  i m p o s s i b l e  t o  s o l v e
«
them due t o  t h e  p r e s e n t  p o o r  k now led g e  o f  n o n - l i n e a r  
d i f f e r e n t i a l  e q u a t i o n s .
1 0 6
However t h e s e  e q u a t i o n s  a r e  o f  g r e a t  im p o r ta n c e  f o r  
th e  e v a l u a t i o n  o f  t h e  eddy d i f f u s i v i t i e s 9 and  t h e  Ka v a l u e s  
a lo n g  t h e  co lum n and  t h e  m ethod  o f  u s i n g  them  w i l l  h e  
d e s c r i b e d  i n  s e c t i o n  8 . 3 .
I n  t h e  s p e c i a l  c a s e  when m = 1 ,  t h e n  e q u a t i o n s  ( 8 . 1 3 . )  
and ( 8 . 1 4 . )  become l i n e a r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .
n  iI t  s h o u ld  be  r e a l i z e d  t h a t  Ka = h C . z u i s  n o t  n e c e s s a r i l y  a
0  3
c o n s t a n t  t h r o u g h o u t  t h e  co lum n .
From e q u a t i o n  ( 8 . 1 1 . )  when m = 1 ,  t h e n
= *0  + V  = -0  V 1
n  ifrom e q u a t i o n  ( 8 . 1 3 . )  a s  Ka * L C . z u
0  0
r l 2 - v  r t - x r
t h e n  E - Vy  ciz y  az
l e t t i n g  Sq = b^  and  b-  ^ -  1 = a^
2 n
th e n  Ey  -  V ,r + E C.-z'5 ( a Q + a - ^ )  = 0 ( 8 . 1 5 . )
T h i s  i s  a  l i n e a r  d i f f e r e n t i a l  e q u a t i o n  w i t h  v a r i a b l e  
c o e f f i c i e n t  (K a) w h ic h  a r e  g e n e r a l l y  s o l v e d  b y  a  l a b o r i o u s  
n u m e r ic a l  m eth o d  o r  by  p ow er s e r i e s .
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( i )  I f  3 e 1 i . e .  Ka = CQ + C^z E q u a t io n  ( 8 -1 5 * )
■becomes
Ey f - ?  - V 2 g  + (CQ + ClZ)(a0 + &1y) = 0 (8.16.)
E q u a t io n  ( 8 . 1 6 . )  c a n  be  t r a n s fo rm e d ,  i n t o  a  t y p e  o f  
s p e c i a l  f u n c t i o n  known a s  an  ’A i r y  F u n c t i o n ’ . The way i n  
w hich  t h i s  i s  done i s  b r i e f l y  d e s c r i b e d  a s  f o l l o w s :
L e t  a-jY ~ a^  a-^y ( 8 .1 7 * )
t h e n  Y = y r ( 8 . 1 8 a )
Y” = y "  ( 8 .1 8 b )
and t h e  e q u a t i o n  ( 8 . 1 6 . )  t a k e s  t h e  fo rm  a s
I "  ~1|?- Y' + ( a Q + a x z )  Y = 0 ( 8 .1 9 .C)
y
1
w here  a o = ^ 0 a l  ( 8 . 2 0 . )
y
^1 = 1^ "" ^ l a l  ( 8 . 2 1 . )
y
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W rite  Y = u v  ( 8 . 2 2 / )
where u  and  v  a r e  f u n c t i o n s  o f  z .
Hence Y' = u ' v  + u v 1 ( 8 . 2 3 . )
Yn = u ?V + 2 u ’v* + u v n (8.2-4-.)
S u b s t i t u t i n g  e q u a t i o n s  ( 8 . 2 2 . ) ,  ( 8 . 2 3 . )  and  ( 8 . 2 4 . )  i n t o  
e q u a t i o n  ( 8 . 1 9 . )  and  a r r a n g i n g  t h e  r e s u l t  a s  an  e q u a t i o n  
f o r  u
/
vu" + (2V1 v ) ii 1 + [v" v' + (a0 + a1z)v]u = 0 ( 8 . 2 5 . )
y y
In  t h e  l a s t  e q u a t i o n  c h o o se  v  t o  make
( 8 . 2 6 . )
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from w h ic h  we h a v e
V y  uL, z
v = e ( 8 .2 7 . )
V Z
oy ‘z
th u s  v ' -  j p — e ^  ( 8 . 2 8 . )
" y
& -z3 -T7 2iii
v "  = ( p e “ ) z e y  ( 8 . 2 9 . )
y
t h e n  t h e  e q u a t i o n  ( 8 . 2 5 0  f o r  u  becom es
u "  + C (a Q + a ^ z )  -  jj; ^ - ) 2 ] u  = 0 ( 8 . 5 0 . )
/
E q u a t i o n  ( 8 . 5 0 . ) >  c o n t a i n i n g  no te rm  i n  u* i s  s a i d  t o  
be i n  1 n o rm a l  f o r m 1.
I f  we w r i t e  e q u a t i o n  ( 8 . 5 0 . )  i*1 t h e  fo rm  o f
f y  + C(aQ - 5 ^ )  + axz3u = 0 (8.31.)
y
2
Now l e t  (oCq -  J " ^ 2 ) + a xz = ~ ( a i ) ^ t  (8.52.)
Hence
1
du du  d t  f n3 du
dz * d f d z  d t
d2 u  
dz*"
d
dz vdz
(•du')
n r l  f7 r
d /du-v d t  
d t  M z^  dz
&  [ - ( « i ) 3 f f l C - C a J 5 ]d t
2
f  >3 cru 
= ( a X) dt*"
■ Si. ■ '■
S u b s t i t u t i n g  e q u a t i o n s  ( 8 . 3 ? . )  and  ( 8 . 3 4 . )  i n t o  
e q u a t io n  ( 8 .3 1 * )  we h a v e
o r  s im p ly ( 8 . 3 5 0
E q u a t io n  ( 8 . 3 5 - )  i s  t h e  A i r y  f u n c t i o n  ( 5 3 ) .  ^ he  
s o l u t i o n  f o r  t h i s  t y p e  o f  d i f f e r e n t i a l  e q u a t i o n  i s :
u - A±(t)  + Bt (t) (8.36.)
F o r  t  > 0 (w h ic h  i s  t h e  o n ly  c a s e  we a r e  i n t e r e s t e d  i n )
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The s e c o n d  t e r m s  a r e  a b o u t  a  t e n t h  o f  t h e  f i r s t  e v e n  a t
H  - x -
S u b s t i t u t i n g  e q u a t i o n s  ( 8 . 2 7 . )  ( 8 . 3 6 . )  i n t o
e q u a t i o n  ( 8 . 2 2 . )  we h a v e
3 l z
2E
X = e ^  [A1 ( t )  + Bi ( t ) ]  ( 8 . 3 ? . )
From e q u a t i o n  ( 8 . 1 7 - )  t h e r e f o r e  we g e t
v  0y  = Y ~ ~
a i
V y
mi i i f pirn — r?
2E_„ a,
= e y  [ A . ( t )  + B . ( t ) ] -  r 2  ( 8 . 3 8 . )i  x a1
/
where Ai ( t )  an d  B ^ ( t )  h a v e  b e e n  p r e v i o u s l y  d e f i n e d  and  t h e  
r e l a t i o n s h i p  b e tw e e n  z and  t  i s  shown i n  e q u a t i o n  ( 8 . 3 3 « ) .
( i i )  I n  t h e  c a s e  when j  = 2 e q u a t i o n  ( 8 . 1 5 - )  becom es
Ey -  V .  ^  + (Cq + C^z + C2 z 2 ) ( a 0 + a ^ y )  = 0 ( 8 . 3 9 . )
T h is  e q u a t i o n  c a n  be  s o l v e d  by  p ow er s e r i e s .  The 
m ethod o f  s o l v i n g  i s  b r i e f l y  a s  b e lo w .
L e t
a-^Y * aQ + a^y  ( 8 . 4 0 . )
t h e n
Y' * y*
Y M « y M
Hence e q u a t i o n  ( 8 .3 9 * )  t a k e s  t h e  fo rm  o f
E Y ,f - V ’ Y f + ( a n + a-, z + ocpZ2 )Y = 0 ( 8 . 4 1 . )y  y  j- t~
w here 0Cq = C oc  ^ = C-^a^ cxg = Cga^ ( 8 . 4 2 . )
L e t  ^
Y = L A z ( 8 . 4 3 . )
0  11
hence  Y ' = ?  a ^ n 2*1 1
0
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S u b s t i t u t i n g  Y, Y ’ , and  Y M i n t o  e q u a t i o n  ( 8 .3 9 * )  we h a v e  
t  {E n ( n - l ) A  -  V n A  z11" 1
Q  J  n  « y  n
+ ( oCq + a ^ z  + a ^ z 2 )An zn  } = 0 ( 8 . 4 4 . )
The r e l a t i o n s h i p  b e tw e e n  t h e  c o e f f i c i e n t s ,  i . e .  t h e  
’r e c u r s i o n  r e l a t i o n ’ f o r  t h e  c o e f f i c i e n t s  o f  z r  o f  e q u a t i o n  
( 8 . 4 4 . ) ,  w here  r  = 3 i s
E y ( r + 2 ) ( r + l ) A r + 2 ~ V y ( r + 1 ) Ar + l  + a 0Ar
+ + a 2 ^ r~ 2  = ^ (8-4-5*)
The v a n i s h i n g  o f  e q u a t i o n  ( 8 . 4 4 . )  w i l l  become p o s s i b l e  o n ly  
i f  a l l  t h e  c o e f f i c i e n t s  o f  zn  v a n i s h .  T h e r e f o r e ,  from
e q u a t i o n  ( 8 . 4 4 . ) ,  t h e  v a n i s h i n g  o f  t h e  c o e f f i c i e n t s  f o r  
z2 , z 1 and  z °  c a n  b e  w r i t t e n  a s  t h e  f o l l o w i n g  e q u a t i o n s :
E y .4 .3 A ^  -V ^ . .3 A ^  + 0CqA2 + oc^A^ + <x2Aq = 0 ( 8 . 4 6 . )
Ey . 3 . 2 . A 5 - V y .2A2 + o c ^  + = 0 ( 8 . 4 7 . )
E . 2 . 1 . A2 - V  . l . A 1 + a QA0 -  0 ( 8 . 4 8 . )
S in c e  t h e  b o u n d a ry  c o n d i t i o n  y  * y ^  a t  z -  0
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by u s i n g  e q u a t i o n  (8 .4 -0 .)*  we h av e
a 0
Y ^ a  + ^  z ■B= 0
from e q u a t i o n  ( 8 .4 - 3 . ) ,  we g e t
a 0
A0 = q  + y B 
and e q u a t i o n  (8 .4 - 3 . )  becom es
y  _ + + A^z + A2Z2 + A^z3 + . . .
o r  Y = + y B) + A1 [z  + ^  z2 + ^  z3 + .
From e q u a t i o n s  ( 8 . 4 - 8 . ) ,  ( 8 .4 -7 . )  an d  (8 .4 - 6 . )  we h a v e
"\/i. A-, *— a nA~ *a/c'\
a  _  - L i  Q ~ 2  -  - i _  rv* A -  a  ( —  + v2 “ 2S ~ 2E L y Al  “o'1 a ,  y 3y  y  -*•
4 ^ ^ 2  ~ a 0Al  * ttI A0
3 = 6E„
_ _ 1 _  , „  A . S i  , ( a  _
-  6E i "  a 0AX + L E + '■“ l  E
V t/ •*“
] ( 8 . 4 9 . )
</
)]
y B) ] }
A f t e r  o b t a i n i n g  A^, A^, a n d  A^, o t h e r  c o e f f i c i e n t s  A^, Ag 
can  be  o b t a i n e d  from  e q u a t i o n  ( 8 . 4 5 . ) •  H ence t h e  e q u a t i o n  
( 8 . 4 9 . )  t a k e s  t h e  fo rm  o f
From e q u a t i o n s  ( 8 . 4 0 . ) ?  ( 8 .4 - 2 . ) ?  ( 8 . 5 0 . ) ?  wa h a v e
y  = X -  —  a x
~ ’^ ’^ “l 5 a 0 ’ a l  ’ ^ 0 ’ ^ 1 ’ ^2 ’ Ey 1 ^ y  ’ ( 8 .5 1 * )
w here Y = f ( z )  o n l y ,  and  A-^  i s  c o n s t a n t  b u t  u n d e te r m in e d .
I f  now we s u b s t i t u t e  t h e  b o u n d a ry  c o n d i t i o n  z -  h  (y  * y ^ )
i n t o  e q u a t i o n  ( 8 . 5 1 *) t h e n  we c a n  s o lv e  f o r  A^,
t h a t  i s  A^ = ^ ( ^ q >a q ?0q ?Cj  ^,0 ^  ?Ey?^y?yg ?y^»)
T h e r e f o r e  t h e  f i n a l  e q u a t i o n  o f  t h e  c o n c e n t r a t i o n  p r o f i l e  
o f  t h e  y - p h a s e  w i l l  b e  a  pow er s e r i e s  i n  t e r m s  o f  aQ, a ^ ,
C0 ’ °1» ° 2 ’ V  V  y B and  y T*
/
i . e .
ijA,
y  = F (a .Q ,a^ ,C Q ,C ^,G 2 ?-by ,Y y .,y g ,y ^ )  ( 8 . 5 2 . )
( i i i )  I n  t h e  e q u a t i o n
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I f  m > 2 t h e  g e n e r a l  s o l u t i o n  i n  a  pow er s e r i e s  c a n  
a l s o  b e  o b t a i n e d  i n  a  s i m i l a r  m a n n e r .
N o te :  m c a n n o t  b e  z e r o ,  o t h e r w i s e  i t  m eans t h a t  t h e
e q u i l i b r i u m  c o n c e n t r a t i o n  i s  a  c o n s t a n t  t h r o u g h o u t  
t h e  co lum n .
</
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8 .3 *  G-eneral d e s c r i p t i o n  o f  t h e
m ethod  o f  c a l c u l a t i o n  E and  Ka
E q u a t i o n s  ( 8 . 6 a )  and  ( 8 . 6h )  a r e  r e p e a t e d  b e lo w  f o r  
c o n v e n ie n c e .
T h ese  two s i m u l t a n e o u s  e q u a t i o n s  g i v e  u s  a  c l e a r  p i c t u r e  
o f  t h e  m echan ism  o f  t h e  m ass t r a n s f e r  p r o c e s s e s  i n  a n d  b e tw e e n  
th e  p h a s e s  i n  a n y  c o n t a c t i n g  d e v i c e .  The f i r s t  t e r m  o f  e a c h  
e q u a t i o n  r e p r e s e n t s  t h e  l o n g i t u d i n a l  m ix in g  i n  a  s i n g l e  p h a s e ,  
and i s  p r e d o m i n a n t l y  due  t o  t h e  eddy  d i f f u s i v i t y  o r  Ex ) .
The s e c o n d  t e r m  r e p r e s e n t s  t h e  r a t e  o f  ch an g e  o f  m ass  a t  any
l e v e l  i n  t h e  c o n t a c t o r .  The t h i r d  t e r m  i s  t h e  i n t e r p h a s e  m ass  
t r a n s f e r .  The m a g n i tu d e  o f  t h e  t e r m s  d e p e n d s  on t h e  g e o m e try
and o p e r a t i n g  c o n d i t i o n s  o f  t h e  c o n t a c t o r .
To s u b s t a n t i a t e  t h e  t h e o r y  o f  t h e  m echan ism  o f  t h e  m ass  
t r a n s f e r  p r o c e s s e s  o c c u r i n g ,  a s  w e l l  a s  f o r  d e s i g n  p u r p o s e s ,  
i t  i s  n e c e s s a r y  t o  e v a l u a t e  E and  Ka f o r  known o p e r a t i n g  
c o n d i t i o n s .
( 8 . 6 a )
( 8 .6 b )
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The m a g n i tu d e  o f  E and  Ka a r e  s e n s i t i v e  t o  c h an g e  i n  
o p e r a t i n g  c o n d i t i o n s  and  t h e i r  v a l u e s  m ust h e  o b t a i n e d  from  
e x p e r i m e n t a l  c o n c e n t r a t i o n  p r o f i l e s  a lo n g  t h e  co lum n .
B e f o re  p r o c e e d i n g  t o  d e t a i l  t h e  s t e p s  i n v o l v e d  i n  
c a l c u l a t i n g  t h e  v a l u e s  o f  E and  Ka, i t  w ou ld  be  a d v i s a b l e  
t o  c o n s i d e r  t h e  m eth o d  o f  c a l c u l a t i o n ,  t h e  p r o b a b l e  s o u r c e s  
o f  e r r o r  an d  t h e i r  m a g n i tu d e .
S t a r t i n g  w i t h  t h e  e q u a t i o n  ( 8 . 6 a ) ,  we m ust e v a l u a t e  a l l  
^he v a r i a b l e s  e x c e p t  E a n d  K a, o r  a t  l e a s t  d e r i v e  some 
m ethod o f  e l i m i n a t i n g  th em .
The f i r s t  s t e p  i s  t o  o b t a i n  an  e q u a t i o n  t o  t h e  
e q u i l i b r i u m  c u r v e .  A v e r y  c o n v e n i e n t  fo rm  o f  e q u a t i o n  i s  
a p o ly n o m ia l  a s  i t  l e n d s  i t s e l f  t o  n u m e r i c a l  a n a l y s i s .
The f i r s t  d e r i v a t i v e ,  c a n  be  o b t a i n e d  fro m  t h e
e x p e r i m e n t a l  d a t a  by  u s i n g  t h e  ’C e n t r a l  d i f f e r e n c e  m e th o d ’ /  
o f  n u m e r i c a l  a n a l y s i s .  T h is  m eth od  i s  a p p r o x i m a t e ,  and  i n
/ - t  c tl iC -e .  £ t J K . ,  S / *
o r d e r ^ t o  p l o t  v s .  z and  t o  d raw  a  sm ooth  c u rv e  a s  t h e  
b e s t  c o r r e l a t i o n  o f  t h e  p o i n t s .  The v a l u e s  from  t h i s  c u rv e  
may be  c o n s i d e r e d  a s  b e i n g  t h e  b e s t  v a l u e s ,  u n d e r  o p e r a t i n g  
c o n d i t i o n s .
E q u a t i o n s  e x i s t  ( 5 2 ) ,  an d  t h e y  a r e  a l s o  g i v e n  i n
,  j  2
A ppendix  A3.4*. h y  m eans o f  w h ic h  j^jj* and  c a n  b e  d i r e c t l y  
c a l c u l a t e d  from  e x p e r i m e n t a l  d a t a .  The e q u a t i o n  f o r  t h e  
f i r s t  d e r i v a t i v e  was u s e d  w i t h i n  t h e  c e n t r a l  d i f f e r e n c e  
m ethod t o  o b t a i n  The e q u a t i o n  f o r  t h e  s e c o n d  d e r i v a t i v e
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d 2 vgave a  w id e  s c a t t e r  o f  v a l u e s  f o r  y-^r. v s .  z .  T h e r e f o r e
i n  t h i s  c a s e  t h e  s e c o n d  d e r i v a t i v e  e q u a t i o n  was n o t  u s e d
b u t  was o b t a i n e d  from  t h e ■sm o o th ed  4^- v s .  z c u r v e ,  a  ■ dz ’
d i f f e r e n c e  t a b l e  and  t h e  e q u a t i o n  t o  t h e  f i r s t  d e r i v a t i v e .
. , 2 $
The q u a n t i t i e s  y ,  y @, a n d v y  h a v in g  b e e n
e s t a b l i s h e d  b y  t h e  above  m e th o d ,  t h e  r e m a in in g  unknown 
q u a n t i t i e s  i n  e q u a t i o n  ( 8 . 6 a )  a r e  E and  K .y  a
I f  we assum e t h a t  K a : i s  a  f u n c t i o n  o f  z ,  t h e n  Iva may 
be e x p re s s e d ." b y  a  p o l y n o m i a l ,  f o r  e x a m p le ,
. Ka = Cq &2Z
On s u b s t i t u t i o n ,  f o r  Ka i n  e q u a t i o n  ( 8 . 6 a )  we h a v e
! f k  - V  A  + (CA + C,z + C5z*)(ya - y) = 0 (8.55.)y  dz  y  clz  ^ 0 1 2 /  w e .
jyk■ The
V
00
dy 
dz ’
,2d y  __—%r  
a z y  x ~
. ana exu-or* xu -dZ —  ^
y
n o t  b e  p o s s i b l e  t o  o b t a i n  e x a c t  v a l u e s  f o r  t h e  unknow ns. To
and \ T r.». d c o m p u t a t i o n a l  r r o r s i n and  t h e n  i t  w i l l
l i m i t  t h e  e r r o r s ,  i t  i s .  n e c e s s a r y  t o  u s e  many s e t s  o f  d a t a .  
The m e th o d  o f  l e a s t  s q u a r e s  ( r e f e r  t o  a p p e n d ix  A l . )  c a n  now 
be a p p l i e d .w i t h  t h e  a i d  o f  a  c o m p u te r  t o  s o l v e  t h e  ’ l e a s t ;  
s q u a r e s '  e q u a t i o n s  f o r  E , Cq , C-^  a n d  C^.
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Even u s i n g  t h e  m ethod  o f  l e a s t  s q u a r e s  t h e  v a l u e s  o f
Ey? Cq, , &2_ an(  ^ t h e r e f o r e  Ka a r e  n o t  e x a c t .  I t  i s
a d v is a b le  t o  d e t e r m i n e  t h e  s t a n d a r d  e r r o r s  o f  t h e s e  
q u a n t i t i e s .  On e x a m in a t io n  o f  t h e  p r e s e n t  r e s u l t s  
( s e c t i o n s  9 * 2 . ,  9 o O  i t  was fo u n d  t h a t
(1 )  The S .E .  o f  E i s  a lw a y s  much b i g g e r  t h a n  t h e
S .E .  o i  s and
( 2 )  The S .E .  o f  E , Cq , C^, Cg, . . .  Cn  v a r i e s  w i t h
t h e  num ber o f  t e r m s  i n  t h e  Ka e q u a t i o n .
( 3 )  A l th o u g h  t h e  v a l u e s  o f  Cq , C^, C£, • • •  Cn  ch an g e  
a c c o r d i n g  t o  t h e  num ber o f  t e r m s  i n  t h e  Ka e q u a t i o n ,  
t h e i r  v a l u e s  a r e  more s t a b l e  t h a n  t h e  v a l u e s  o f  E ^ . 
F u r t h e r m o r e ,  t h e  Ka v a l u e s  c a l c u l a t e d  from  t h e  C v a l u e s  
a r e  e v e n  m ore s t a b l e  t h a n  t h e  C v a l u e s .
L e t  u s  c o n s i d e r  (1 )  and  ( 3 )  a b o v e .  Of t h e  v a l u e s  y ,
a n d V .  t h e  m o s t  i n a c c u r a t e  v a l u e s  a r e  t h e  v a l u e sdz* dz y ’ 2
of The n u m e r i c a l  v a l u e s  o f  a r e  u s u a l l y  l e s s  t h a n
u n i ty .  R e a r r a n g i n g  e q u a t i o n  ( 8 . 6 a )  we h a v e
( 8 . 5 4 . )E * 7
_ E x j l  ■ K a (7 “ ~
f?d 2
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As g -jf  < 1 ,  E w i l l  t e n d  t o  be  l a r g e ,  a n d  a s  c a r r i e s  t h e  
l a r g e s t  e r r o r ,  E .^ w i l l  b e  p a r t i c u l a r l y  p r o n e  t o  i n a c c u r a c y .  
Prom e q u a t i o n  ( 8 . 6 a )  we h a v e
Ka « (Cq + C^z + C2z2 + . .  # + Cnzn)
T T  —Z  _  TOv y  dz  v  d z— I IHHI »l n II I MllllWlb     ■ I ■■ w
y e -  y
Now ( y Q -  y )  » >  o r  a l s o  Ey  i s  s m a l l  i n
m agn itude  com p ared  w i t h O n  t h i s  b a s i s  e r r o r s  i n
f i  «  w h ic h  r e s u l t  i n  c o m p u t a t i o n a l  e r r o r  i n  Ka w i l l  b e  
l e s s  i m p o r t a n t  due  t o  t h e  l a r g e  v a l u e s  o f  (y  -  y ) .  The
v
va lu e  o f  (y_ -  y )  i s  l e s s  p r o n e  t o  e r r o r  t h a n  d e r i v e d  v a l u e s .  ©
I t  w o u ld  a p p e a r  t h e r e f o r e  t h a t  t h e  p r e f e r a b l e  t e c h n i q u e  
i s  t o  d e t e r m i n e  s a t i s f a c t o r i l y  t h e  b e s t  v a l u e s  o f  C f o r  Ka. 
This c a n  be  a c h i e v e d  by  s u c c e s s i v e l y  a s su m in g  d i f f e r e n t  
numbers o f  t e r m s  i n  t h e  Ka e q u a t i o n :
(8.550
Ka « C0  + OjZ + C2 z2 + . , .  + Cn zJ
The l e a s t  s q u a r e s  e q u a t i o n s  f o r  E y , C-^, C2 , . .  •
are  t h e n  s o l v e d ,  c a l c u l a t e  t h e  v a l u e s  o f  S .E .  o f  E y ,  C q ,  C ^ ,  
Cg, . . .  Cn  ( r e f e r  t o  a p p e n d ix  A l . ) ,  and  com pare th em .
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Choose t h e  p a r t i c u l a r  s e t  o f  0 v a l u e s  i n  w h ich  t h e i r  S .E .  
a re  a  minimum. F o r  exam ple  i f  we c h o o se  t h e  e q u a t i o n
Ka *= Cq + ^ 2^  ■* ^ 2 ^
and t h e  s t a n d a r d  e r r o r s  o f  Cq * C-j , and  C£ a r e  s m a l l e r  t h a n  
S .E . o f  C’ s i n  o t h e r  s e t s ,  t h e n  t h i s  e q u a t i o n  i s  a c c e p t a b l e .  
The above  s t a t i s t i c a l  p r o c e d u r e  i s  d e s c r i b e d  by  D a v ie s  
As t h e  eddy  d i f f u s i v i t y  E o b t a i n e d  by  t h e  above
v
m en tio n ed  p r o c e d u r e  u s i n g  e q u a t i o n  ( 8 .5 3 * )  c o n t a i n s  t h e  
b i g g e s t  c o m p u t a t i o n a l  e r r o r ,  a  f u r t h e r  t e c h n i q u e  s h o u l d  b e  
d e v e lo p e d  t o  e l i m i n a t e  c o m p u t a t i o n a l  e r r o r  a s  much a s  
p o s s i b l e .
I f  we r e - a r r a n g e  e q u a t i o n  ( 8 . 6 a )  a n d  i n t e g r a t e  i t  f rom
z -  z1 t o  z = z , ,  we h a v e  1 n ’
(8 . 56 .)
_ _ A ___  d y  d
y  -  y  • dz
n  e
Any v a l u e  o f  E c a l c u l a t e d  from  t h i s  e q u a t i o n  s h o u ld  h e  
b e t t e r  t h a n  t h e  E v a l u e  o b t a i n e d  from  e q u a t i o n  ( 8 . 6 a )  f o r  
th e  f o l l o w i n g  tw o r e a s o n s :
(1 )  The e r r o r s  o f  y ,  h a v e  b e e n  g r e a t l y  r e d u c e d  b y  
p u t t i n g  y  -  y  i n  t h e  d e n o m in a to r  .
(2 )  The t e c h n i q u e  o f  i n t e g r a t i o n  p r o v i d e s  a  u s e f u l
t o o l  f o r  r o u n d in g  t h e  e x p e r i m e n t a l  e r r o r s  o f  y
and  t h e  c o m p u t a t i o n a l  e r r o r s  o f  Ka and  
d2 vAs t h e  v a l u e s  o f  ^ 5 -  a r e  t h e  m o st  i n a c c u r a t e ,  we c a n  
avo id  them  b y  u s i n g  t h e  v a l u e s  o f  t h e  f i r s t  d e r i v a t i v e s  ^  
i n s t e a d .  The d e n o m in a to r  o f  t h e  e q u a t i o n  ( 8 . 5 6 . )  c a n  b e  
i n t e g r a t e d  b y  p a r t s  g i v i n g  an  e q u a t i o n
—  ( 8 . 5 7 . )
dz
The c a l c u l a t i o n  o f  E from  t h i s  e q u a t i o n  g i v e s  an  e v e nt/
more a c c u r a t e  r e s u l t .
H a v in g  o b t a i n e d  t h e  b e s t  v a l u e s  f o r  Cq , an d  f o r  
s u b s t i t u t i o n  i n t o  t h e  Ka e q u a t i o n  t h e n  t h e i r  v a l u e s  may b e  
in t r o d u c e d  i n t o  e q u a t i o n  ( 8 .5 7 * )  t o  g i v e  t h e  f o l l o w i n g  
e q u a t io n
f'y n  f  zn
v y I -  /  Kadz
Ey. * .................... " y l _   .......      Z1 . _________
-  f 1
Z zn  n
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C o m p u ta t io n  shows t h a t  t h e  v a l u e s  o f  E o b t a i n e d  from
I?
e q u a t io n  ( 8 .5 8 * )  a r e  much m ore s t a b l e  t h a n  t h o s e  o b t a i n e d  
from e q u a t i o n  ( 8 . 5 3 0  •
From a  s t a t i s t i c a l  s t u d y  ( s e e  a p p e n d ix  A 2 .)  t h e  S .E .  o f  
E o b t a i n e d  from  e q u a t i o n  ( 8 .2 3 # )  may b e  w r i t t e n  a s
S .E .  o f  £y  = V T X ^ y  ( 8 . 5 9 . )
where
and
V ( E ) = V a r ia n c e  o f  E
v ty
-  f . ) 4" b zn  "  z l - ) + ^ n *  “ z l*  ^ V ( ° p5 4
+ y ( s n 3 ~ z - ^ V / C g )  + | ( z n  -  z 1 ) ( z n s -  z x2 JCovCCqOj j^  
+ - | ( z n  -  Z i ) ( z n ’ ~ z x3 )Cov(C0 C2 )
+ | ( s a2 -  z f X Z a  - V  )Cov(C1C2)} (8.60.)
Z1
f  ~ r  L  i
3  L _  y  d Z  J
n
^  -  /  V y 7 - ~ F T  ( ! E y  ) < f l ) * d z
J z e n
V(Cq) = V a r ia n c e  o f  CQ « ( S .E .  o f  Cq) 
V(C1 ) e V a r i a n c e  o f  -  ( S .E .  o f  C^) 
V(Cg) -  V a r i a n c e  o f  C^ = ( S .E .  o f  C2 ) 
Cov(CqC^) -  C o v a r ia n c e  o f  Cq and  C^ 
Cov(CqC2 ) = C o v a r ia n c e  o f  Cq and  C2 
Cov(C-^C2 ) « C o v a r ia n c e  o f  C^ and  C2
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f l ie  r e s u l t s  o f  t h e  S .E .  c a l c u l a t i o n  fro ia  e q u a t i o n  ( 8 .5 9 * )
f o r  Ey c a n  b e  s e e n  i n  s e c t i o n  ( 9 * 2 . ) ,  ( 9 * 3 * ) s and  a p p e n d ix  A5« »
which shows t h e i r  S .E .  a r e  s m a l l e r  t h a n  t h e  S .E .  o f  E v a l u e s
J
from e q u a t i o n  ( 8 . 6 a ) .  I n  o t h e r  w ords  t h e  v a l u e s  o f  Ey
c a l c u l a t e d  by  t h e  m o d i f i e d  m eth od  a r e  m ore r e l i a b l e  t h a n  t h e  
Ey v a l u e s  o b t a i n e d  from  e q u a t i o n  ( 8 . 6 a )  w h ich  u s e d  t h e  m e th o d  
of l e a s t  s q u a r e s .
The k ey  p o i n t  i n  o b t a i n i n g  t h i s  b e t t e r  v a l u e  o f  E i s  a s
u
m e n t io n e d  above  by
( i )  O b t a i n i n g  v a l u e s  o f  Ey , Cq , C^ and  C^ by  t h e  m eth o d  
o f  l e a s t  s q u a r e s  from  e q u a t i o n  ( 8 . 5 3 - )
( i i )  U s in g  v a l u e s  o f  Cq, C^, C2  f rom  ( i )  a n d  o t h e r  d a t a ,  
t h e n  c a l c u l a t i n g  t h e  E from  e q n .  ( 8 . 5 8 . ) *
The j u s t i f i c a t i o n  f o r  d i s r e g a r d i n g  E ^ , and  u s i n g  C 
v a lu e s  o f  Ka from  s t e p  ( i )  i n t o  s t e p  ( i i )  i s  now b r i e f l y  
d i s c u s s e d  b e lo w ,  I n  o r d e r  t o  d i s t i n g u i s h  t h e  v a l u e s  o f  Et/
from s t e p s  ( i )  a n d  ( i i ) ,
l e t  E* « E fro m  s t e p  ( i ) ,  i . e .  f rom  e q u a t i o n  ( 8 . 5 3 - )
t/
E a e  f rom  s t e p  ( i i ) , i . e .  f rom  e q u a t i o n  ( 8 . 5 8 . )
( a )  The s o l u t i o n s  o f  E * , CQ, C^ and  C2 o b t a i n e d  b y  t h e  
method o f  l e a s t  s q u a r e s '  a r e  n o t  e x a c t ,  t h e y  a r e  m e r e ly  t h e  
b e s t  f i t t i n g  s o l u t i o n s  f o r  t h e  s t a n d a r d  r e g r e s s i o n  e q u a t i o n s  
to  t h e  v a l u e  o f  The v a l i d i t y  i n  u s i n g  t h e s e  s o l u t i o n s
must a lw a y s  b e  ju d g e d  b y  t h e  m a g n i tu d e  o f  t h e i r  s t a n d a r d  — 
e r r o r s .  As t h e  r e s u l t  show s t h e  S .E .  o f  C v a l u e s  much s m a l l e r
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t h a n  t h e  S .E .  o f  E* i n  t h e  f i r s t  s t e p ,  t h a t  i t  f o l l o w s  t h a t  
the  C v a l u e s  a r e  m ore r e l i a b l e  f o r  u s e  i n  any  c a l c u l a t i o n  
th a n  E>£.
(b )  E qn . ( 8 . 5 8 . )  i s  d e r i v e d  from  e q n .  ( 8 . 5 3 * ) -  I f  we
assume t h e  v a l u e s  o f  E * , Cq , C^, C^ o b t a i n e d  by  s t e p  ( i )  a r e
n e a r l y  e x a c t  and  t h a t  E>& c o r r e s p o n d s  t o  Cq, C-^  and  C2 ? t h e n
i f  we u s e  t h e s e  C v a l u e s  and  t h e  v a l u e s  o f  z ,  y ,  y  , 4 ^ ,e  ciz
and  V ) w h ic h  w ere  u s e d  t o  f i n d  E * , C q ,  C^, an d  C2 i n
s te p  ( i )  t o  f i n d  E by  s t e p  ( i i )  t h e  c a l c u l a t e d  v a l u e s  o f
eddy d i f f u s i v i t y  o b t a i n e d  by  s t e p s  ( i )  and  ( i i )  s h o u ld  be
th e  sam e, i . e .  E* -  E . The c o m p u ta t io n  shows t h a t  t h i s
a s su m p t io n  i s  n o t  c o r r e c t ,  i . e .  E* £ E . I t  f o l l o w s  t h a t
th e  C v a l u e s  f rom  s t e p  ( i )  may be u s e d  i n  c o n j u n c t i o n  w i t h
an E,t v a l u e  e i t h e r  from  s t e p  ( i )  o r  ( i i )  b u t  t h e  b e s t  v a l u e  
7
of S t o  b e  u s e d  m u st b e  fo u n d  from  an  e x a m in a t io n  o f  t h e i r  
s t a n d a r d  e r r o r s .
( c )  I t  i s  t o  be  e x p e c t e d  t h a t  a  s l i g h t  ch an g e  i n  t h e  
c o n c e n t r a t i o n  p r o f i l e  o f  t h e  y - p h a s e  w i l l  b r i n g  a  s l i g h t  
change i n  t h e  v a l u e s  o f  E , Cq, C^ and  C2 . The c o m p u ta t io n  
r e s u l t s  o f  a p p e n d ix  A5« show t h a t  t h i s  i s  t r u e  f o r  t h e  
v a lu e s  o f  C q ,  C^ a n d  C2  b u t  n o t  f o r  E* i n  s t e p  ( i )  c a l c u ­
l a t io n . .  On t h e  o t h e r  h a n d  E from  t h e  s t e p  ( i i )  c a l c u l a t i o n  
g iv e s  t h e  r e s u l t  we e x p e c t  ( i . e .  s l i g h t  ch an g e  i n  E^ v a l u e s ) .
( d )  The m a g n i tu d e  o f  E d e p e n d s  on t h e  o p e r a t i n g  
c o n d i t i o n s ,  e . g . -  i t  d e p e n d s  on t h e  b a f f l e  s p e e d ,  t h e  a v e ra g e ,  
v e l o c i t y  o f  t h e  y - p h a s e ,  t h e  v a l u e s  o f  E .^ w i l l  c h an g e  i n  a
c e r t a i n  p a t t e r n  w here  t h e s e - t w o  v a r i a b l e s  c h a n g e .  - The v a l u e s  
of Ey from  t h e  s t e p  ( i )  show no p a t t e r n ,  b u t  t h o s e  v a l u e s  
from t h e  s t e p  ( i i )  show a  d e f i n i t e  p a t t e r n .
8 . 4 .
T ru e  N c a l c u l a t i o n ,  cy
I f  we r e a r r a n g e  e q u a t i o n  ( 8 . 6 a ) ,  and  i n t e g r a t e  i t  f rom  
z = 0 t o  z -  h  we h a v e
J 5- /  Ka dz = /  — + w2- I -—  ---- 4 - f  dzVY / / ye - y /  yp - y dz
y " °  ( 8 . 6 1 . )
As d i s c u s s e d  i n  S e c t i o n  4 ,  t h e  above  e q u a t i o n  c a n  be  
r e g a r d e d  a s
_T = (N „_ )m + C o r r e c t i o n  te r m  ( 8 . 6 2 . )oy oy ivi
where N ~ ' t r u e '  o v e r - a l l  num bers  o f  t r a n s f e r  u n i t s .
®oy^M ~ ,m easu r e d '  o v e r - a l l  num bers  o f  t r a n s f e r  u n i t s .  
Smoot and  Babb m e n t io n e d  i n  t h e i r  p a p e r  t h a t  t o  
c a l c u l a t e  t h e  c o r r e c t i o n  te rm  from  t h e  e x p e r i m e n t a l  d a t a  
r e q u i r e d  t h e  n u m e r i c a l  e v a l u a t i o n  o f  t h e  s e c o n d  d e r i v a t i v e
T h i s  was h i g h l y  i n a c c u r a t e ,  p a r t i c u l a r l y  a t  t h e  e n d  o f
e x t r a c t  p h a s e  i n l e t .  H e n ce ,  t h e y  c a l c u l a t e d  t h e  N v a l u e s  
by u s i n g  a  s i m i l a r  m a t h e m a t i c a l  m odel a s  r e p r e s e n t e d  by  
e q u a t io n s  ( 8 . 6 a )  and  ( 8 . 6 b ) . ; The c a l c u l a t i o n  was a c c o m p l i s h e d  
by an  i t e r a t i o n  p r o c e d u r e '  u s i n g  a  c o m p u te r  i n  w h ich  a  s e r i e s  
of c o n c e n t r a t i o n  p r o f i l e s  w ere  c a l c u l a t e d  f o r  e a c h  e x p e r i ­
m ental r u n  f o r  v a r i o u s  assu m ed  v a l u e s  o f  .N ( o r  i n  o t h e r
w ords, u s i n g  v a r i o u s  a ssum ed  c o n s t a n t  Ka v a l u e s  t h r o u g h o u t  
th e  co lum n and  c o m p u tin g  t h e  c o n c e n t r a t i o n  p r o f i l e  f o r  e a c h  
assumed c o n s t a n t  Ka v a l u e ) .  A n u m e r i c a l  i n t e g r a t i o n  was
As i n  m o s t  c a s e s  t h e  m a g n i tu d e  o f  Ka i s  n o t  a  c o n s t a n t  
th ro u g h o u t  t h e  co lu m n , t h e  v a lu e  o f  N c a n n o t  be  c a l c u l a t e d  
by t h e  m e th o d  t h e y  u s e d .
On t h e  o t h e r  h a n d ,  t h e  c o r r e c t i o n  te rm  s t i l l  c a n  be  
c a l c u l a t e d  f a i r l y  a c c u r a t e l y  by  u s i n g  t h e  m eth od  d e s c r i b e d  
below . T hus we c a n  e v a l u a t e  t h e  t r u e  N w i t h o u t  m ah in g
any a s s u m p t io n  o f  Ka i s  a  c o n s t a n t  t h r o u g h o u t  t h e  co lu m n , 
o r  t h a t  t h e  e q u i l i b r i u m  d i s t r i b u t i o n  c u rv e  i s  l i n e a r .
S in c e  t h e  c o r r e c t i o n  te r m  can  be  i n t e g r a t e d  b y  p a r t s ,  
we have
( 8 . 6 3 b . )
By u s i n g  t h e  c o n c e n t r a t i o n  p r o f i l e s  o f  b o t h  x  and  y -
p h a se ,  t h e  e q u i l i b r i u m  d i s t r i b u t i o n  c u r v e ,  we c a n  p l o t  y
dy
v s . z a n d  y Q v s .  y .  The f i r s t  d e r i v a t i v e s  1 #  c a n  t h e n  h e  
e v a lu a t e d  by  n u m e r i c a l  m eth o d  f o r  e a c h  c o r r e s p o n d i n g  v a l u e  
of z .  H ence t h e  c o r r e c t i o n  te rm  c a n  b e  c a l c u l a t e d  w i t h
p e rfo rm e d  f o r  e a c h  p r o f i l e  t o  e v a l u a t e  ( ^ 0y ) |v|- U s in g  t h e s e  
d a ta ,  a  m a c h in e  i n t e r p o l a t i o n  was made t o  o b t a i n  t h e  Noy
v a lu e  w h ic h  c o r r e s p o n d s  t o  t h e  e x p e r i m e n t a l  (U'0y ) M v a l u e .
C o r r e c t i o n  te rm  = ^  i j „  -  j
V /  ©
y  J h
- —  dz ( 8 . 6 3 a . )
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n r. ' dY ^ Gknown v a l u e s  o f  y ,  y 0 , and
T h e re  a r e  tw o f e a t u r e s  i n  u s i n g  e q u a t i o n  ( 8 . 6 3 b . )  t o  
c a l c u l a t e  t h e  c o r r e c t i o n  te rm  r a t h e r  t h a n  i n  i t s  o r i g i n a l  
form E qn. ( 8 . 6 3 a . ) .
d2 y( 1 )  The m o s t  i n a c c u r a t e  v a l u e s  o f  ^ ; r  h a v e  b e e n
dv d y ea v o id e d  by  u s i n g  m ore a c c u r a t e  v a l u e s  o f  ^  and  
i n s t e a d .
(2 )  S in c e  (y  -  y )  i s  much l a r g e r  i n  v a lu e  com p ared
d dw i t h  ^  and  — h e n c e  a l l  c o m p u t a t i o n a l  e r r o r s  o f
dy dy
and  a r e  g r e a t l y  r e d u c e d  when d i v i d e d  b y
( 7 e -  y )  o r  ( y e -  y ) 2 .
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8 .5 *  The f r a c t i o n a l  e x t r a c t i o n  d ia g ra m .
C o n s id e r  t h e  F i g .  8 . $ .  L e t  C1 , C2 , and  h e  d im e n s io n -  
l e s s  f r a c t i o n a l  e x t r a c t i o n  c u r v e s  o f  f o u r  d i f f e r e n t  s p e e d s
has a l s o  b e e n  d raw n . Some i m p o r t a n t  p r o p e r t i e s  o f  su c h  a 
d iag ram  c a n  b e  d e r i v e d  a s  f o l l o w s :
( 1 )  The t e r m i n a t e s .
At t h e  b o t to m  o f  t h e  t o w e r ,  t h e  f r a c t i o n  e x t r a c t e d  i s  
z e ro ,  an d  w i l l  b e  1 a t  t h e  t o p .  A l l  c u r v e s  m u st be  
t e r m in a t e d  a t  t h e s e  two p o i n t s ,  i . e .  ( 0 . 0 )  and  ( 1 . 1 ) .
(2 )  The d i f f e r e n t i a l  e q u a t i o n  ( 8 . 6 a ) .
may be u s e d  t o  r e p r e s e n t  t h e  s o l u t e  c o n c e n t r a t i o n  i n  t h e  
e x t r a c t  p h a s e ,  when t h e  e x t r a c t  p h a s e  f lo w s  up w ards  
th ro u g h  t h e  co lum n ( i f  t h e  e x t r a c t  p h a s e  f lo w s  dow nw ards, 
th en  t h e  s e c o n d  and  t h i r d  t e r m s  s h o u ld  ch an g e  t h e i r  s i g n s ) .
I f  we r e p l a c e  t h e  sym bo ls  y ,  z by  t h e  d i m e n s i o n l e s s  
te rm s o f  X, Z, t h e n  t h e  e q u a t i o n  ( 8 . 6 a )  becom es
of b a f f l e  o s c i l l a t i o n  S1 , S2 , S ^ ,  and  on w h ic h  a  d i a g o n a l
+ K a (y 0 -  y )  * 0
( 8 . 6 4 . )
<V./J
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I f  a n y  d i m e n s i o n l e s s  f r a c t i o n a l  e x t r a c t i o n  c u rv e  
becomes a  s t r a i g h t  l i n e ,  t h e n  i t  w i l l  l i e  on t h e  d i a g o n a l .
T h re e  c o n d i t i o n s  m u st he  f u l f i l l e d  f o r  t h e  e x i s t e n c e  o f  
such a  c a s e :
a .  No l o n g i t u d i n a l - m i x i n g  t a k e s  p l a c e .
b .  Ka i s  a  c o n s t a n t  t h r o u g h  t h e  co lum n .
c .  The e q u i l i b r i u m  c u rv e  i s  l i n e a r .
The o p e r a t i n g  l i n e  w i l l  he  a s t r a i g h t  l i n e  i n  t h i s  c a s e .  
S ince  t h e  e q u i l i b r i u m  c u rv e  i s  o n ly  l i n e a r  i n  v e r y  d i l u t e  
s o l u t i o n s ,  Ka i s  se ldom  c o n s t a n t  t h r o u g h  any  v e s s e l ,  and  
th e  l o n g i t u d i n a l - m i x i n g  a lw a y s  o c c u r s  t o  some e x t e n t .  
T h e r e f o r e ,  we may assum e t h a t  t h e  f r a c t i o n a l  e x t r a c t i o n ,  
curve w i l l  n e v e r  l i e  on t h e  d i a g o n a l .
(3 )  R e a r r a n g i n g  t h e  e q u a t i o n  ( 8 . 6 4 . ) .  We h a v e
That i s
ana <3-1dZ
Kah (Y -  Y) x e '
i .  e Ka(Y
or
(8 . 65 . )
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S ince  a l l  t h e  v a l u e s  o f  V , h ,  E , Ka and  (Y^ -  Y) a r ey j  t-.3 *V
p o s i t i v e  n u m b e r s ,  t h e r e f o r e ,  t h e  s i g n  o f  w i l l  be
AYd e te r m i n e d  o n l y  by  t h e  r e l a t i v e  v a l u e s  o f  V, h  ^  andy  a  l
Kah2 (Yq -  Y) .
I f  any  f r a c t i o n a l  e x t r a c t i o n  c u r v e s  l i e  b e lo w  t h e  
d i a g o n a l  an d  a r e  c o n ca v e  u p w a r d s .  I t  w ou ld  mean i t s  
second  d e r i v a t i v e s  h a v e  p o s i t i v e  v a l u e s ,  o r  m a t h e m a t i c a l l y :
V 1 I I  > Kah2 (Ye " X) 
which i n  t u r n ,  c a n  be  w r i t t e n  i n  t h e  fo rm  o f
V, > Ka (y  -  y )  y  dz w e ° '
I n t e g r a t i n g  t h e  above  e q u a t i o n ,  g i v e s  /
r 2 o^
V ( y 2 -  y P  > /  Ka "  y ')dz ( 8 . 6 6 . )
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E q u a t i o n  ( 8 . 6 6 . )  means t h a t  t h e  s o l u t e  c o n c e n t r a t i o n  g a i n e d  
i n  t h e  e x t r a c t i o n  p h a s e  i s  g r e a t e r  t h a n  t h a t  t r a n s f e r r e d  
from t h e  r a f f i n a t e  p h a s e .  T h i s  c o u l d  o n l y  p o s s i b l y  h a p p e n  
i f  t h e  l o n g i t u d i n a l - m i x i n g  i s  g r e a t e r  i n  t h e  u p p e r  p a r t  
t h a n  i n  t h e  l o w e r  p a r t .
I f  t h e  f r a c t i o n a l  e x t r a c t i o n  c u r v e  l i e s  above  t h e
dfcW/Jl
d i a g o n a l  and  c o n c a v e d  u p w a r d s .  I t s  s e c o n d  d e r i v a t i o n  i s  
n e g a t i v e ,  t h e n  s i m i l a r l y ,  we h a v e
E q u a t io n  ( 8 . 6 7 - )  shows t h a t  t h e  s o l u t e  g a i n e d  i n  t h e  e x t r a c t  
phase  i s  l e s s  t h a n  t h o s e  t r a n s f o r m e d  f rom  t h e  r a f f i n a t e  
p h a se .  The d i f f e r e n c e  i s  o b v i o u s l y  due t o  t h e  e f f e c t  t h a t  
the  l o n g i t u d i n a l - m i x i n g  i s  g r e a t e r  i n  amount i n  t h e  b o t to m  
p a r t  t h a n  i n  t h e  u p p e r  p a r t .
(4-) From ( 2 )  and  ( 3 )   ^ we c o n c l u d e  t h a t  l o n g i t u d i n a l -  
n i x i n g  w i l l  a lw a y s  be  e x h i b i t e d  t o  some e x t e n t  i n  any  m ass  
t r a n s f e r  o p e r a t i o n .
( 3 )  S i n c e  t h e  d i a g o n a l  r e p r e s e n t s  t h e  c a s e  where  t h e r e  
i s  no l o n g i t u d i n a l  m i x i n g ,  we c a n  c o n s i d e r  t h i s  a s  b e i n g  an  
i d e a l  p e r f o r m a n c e  o p e r a t i o n .  The a r e a  b o u n d e d  by  t h e  
d i a g o n a l  an d  any  d i m e n s i o n l e s s  e x t r a c t i o n  c u r v e  c a n  b e  
r e g a r d e d  a s  a  m e a su re m e n t  o f  t h e  p e r f o r m a n c e .  The s m a l l e r  
the a r e a  t h e  b e t t e r  t h e  p e r f o r m a n c e .
S e c t i o n  9 .
Eddy d i f f u s i v i t y  an d  H C a l c u l a t i o n
b a s e d  on t h e o r e t i c a l  i n v e s t i g a t i o n .
9*1. The p r o c e d u r e  f o r  t h e  c a l c u l a t i o n  o f  eddy d i f f u s i v i t y .
The p r o c e d u r e  f o r  t h e  c a l c u l a t i o n  o f  t h e  eddy  d i f f u s i ­
v i t y  i n  t h e  y - p h a s e  and  t h e  v a l u e s  o f  Ka a l o n g  t h e  co lum n 
a re  d e s c r i b e d  b e lo w .  The same p r o c e d u r e  c a n  be  a p p l i e d  f o r
th e  c a l c u l a t i o n  o f  E .x
1 .  From t h e  e q u i l i b r i u m  d i s t r i b u t i o n  c u r v e ,  b y  u s i n g  
the  m e th o d  o f  l e a s t  s q u a r e s  work  o u t  a  b e s t  f i t t i n g  
p o l y n o m i a l  e m p i r i c a l  e q u a t i o n ,  f o r  e x a m p le ,  a ssum e
y Q = a Q + a-^x + a ^ x 2 + a ^ x 3 ( 9 * 1 . )
to  be  t h e  b e s t  f i t t i n g  e q u a t i o n .
2 .  The c o n c e n t r a t i o n  p r o f i l e s  o f  t h e  x -  and  y - p h a s e  
a re  p l o t t e d  a s  g r a p h s  o f  x  v s .  z ,  and  y  v s .  z .  From t h e s e  
t a k e  n  s e t s  o f  d a t a  o f  z ,  x ,  an d  y .
where v a l u e s  o f  z a r e  a t  e q u i d i s t a n t  i n t e r v a l s .  The g r e a t e r  
the  number  o f  s e t s  o f  x ,  y ,  z t h e  more a c c u r a t e  i s  t h e  r e s u l t  
3» C a l c u l a t e  t h e  f i r s t  d e r i v a t i v e s  o f  t h e  y  c o n c e n t ­
r a t i o n  p r o f i l e  a t  Zq, z ^ ,  z 2 , • • •  ZZ1 u s i n g  t h e  n u m e r i c a l  
c e n t r a l  d i f f e r e n c e  m ethod  ( s e e  a p p e n d i x  A 3 . ) .
A. P l o t  v s .  z ,  and  d raw  a  b e s t  f i t t i n g  sm ooth  c u r v e
Of g  VS. Z.
3 .  Take 11 r e a d i n g s  o f  f rom  t h e  sm ooth  f i r s t
d e r i v a t i v e  c u r v e  a t  z Q5 z 1? z 2 , . . .  z . R e p e a t  p r o c e d u r e  3 ,
12
i n  o r d e r  t o  o b t a i n  t h e  s e c o n d  d e r i v a t i v e s ,  z s= Zq ,
ZV  z 2 ’ zn*
6 .  Take r e a d i n g s  o f  y el, y e 2 , . . .  y en  a t  x Q , x ^  x 2 ,
. . .  x ^  d i r e c t l y  f rom  t h e  e q u i l i b r i u m  d i s t r i b u t i o n  c u r v e  o r  
compute them  f rom  t h e  e m p i r i c a l  e q u a t i o n
y Q -  a o + a j x  + a 2x2 + a 3x3
7 .  T a b u l a t e  n  s e t s  o f  d a t a  o f  z ,  x ,  y ,  y  , y 1 and y "
©
,5 ft
as shown b e lo w .  A l l  u n i t s  m u s t  b e  c o n s e n t .
140
8« Assume n  = 1 ,  i . e .  assume Ka = Cq + C^z u s i n g  N
s e t  v a l u e s  t a b u l a t e d  a b o v e ,  and by  t h e  m e th od  o f  l e a s t
s q u a r e s ,  c a l c u l a t e  t h e  v a l u e  o f  E>&, Cq , and  t h e i r  
s t a n d a r d  e r r o r s .  I n  o r d e r  t o  o b t a i n  E* a s  h a s  b e e n  shown 
y ' ! i s  r e q u i r e d .  S e v e r a l  m e th o d s  a r e  a v a i l a b l e  f o r  f i n d i n g  
y " ,  o f  t h e s e ,  n u m e r i c a l  a n a l y s i s  i s  t h e  more a c c u r a t e ,  
how ever ,  i t s  a c c u r a c y  d e p e n d s  upon  t h e  number  o f  t e r m s
c o n s i d e r e d .  Of t h e s e  t e r m s  z ,  x ,  y ,  y  , y 1 , y M, t h e  y n
term i s  t h e  m o s t  d i f f i c u l t  t o  o b t a i n  a c c u r a t e l y  so  t h a t  
t h e  S . E .  o f  Es  w i l l  be  much h i g h e r  t h a n  e i t h e r  Cq o r  C^.
9 .  Assume 11 = 2 ,  i . e .  Ka = Cq + C^z + C^z2 . R e p e a t  
t h e  c a l c u l a t i o n  o f  8 t o  o b t a i n  t h e  v a l u e s  o f  E* ,  Cq, C^, C2 
and t h e i r  s t a n d a r d  e r r o r s .
10 .  S u c c e s s i v e l y  assume n  « 3 ,  4 ,  5 ,  . . .  e t c .  and  
r e p e a t  t h e  c a l c u l a t i o n  o f  p r o c e d u r e  8 ,  u n t i l  s e t s  o f  v a l u e s  
o f  E*; C ' s  and  t h e i r  s t a n d a r d  e r r o r s  a r e  f o u n d .
1 1 .  Compare t h e  s t a n d a r d  e r r o r s  o f  C ' s  i n  e a c h  s e t .  
Choose t h a t  p a r t i c u l a r  s e t  o f  C v a l u e s  i n  w h ic h  t h e i r  
s t a n d a r d  e r r o r s  a r e  a  minimum. E o r  exam ple  i n  t h e  p r e s e n t  
case  i t  was a p p a r e n t  t h a t  when n  > 2 t h e  S . E .  o f  C ' s  
i n c r e a s e d ,  so  t h a t  t h e  b e s t  c h o i c e  t o  g i v e  a  minimum S .E .  
i s
Ka = Cq + C^z + C^x2
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dy
12 .  As m e n t i o n e d  i n  S e c t i o n  8.4-. t h e  v a l u e s  o f dy
may h e  c a l c u l a t e d  by  u s i n g  t h e  c o n c e n t r a t i o n  p r o f i l e s  o f
x-  and  y - p h a s e s ,  t h e  e q u i l i b r i u m  c u r v e ,  and  p l o t t i n g  y
dy
vs .  z and  j Q v s .  y ,  t h e  v a l u e s  o f  a r e  t h e n  e v a l u a t e d  
by n u m e r i c a l  m e th o d  f o r  e a c h  c o r r e s p o n d i n g  v a l u e  o f  z .
13 .  By u s i n g  t h e  e q u a t i o n  ( 8 . 5 8 . ) ,  C v a l u e s  from.
d-r <Ve
s t e p  1 1 ,  N s e t s  o f  v a l u e s  o f  z ,  y ,  y  , - 1—- we a r e*  ’ u ’ e ' d z 7 dy
a b le  t o  c a l c u l a t e  t h e  v a l u e  o f  E .
7
14-. The two i n t e g r a l  t e r m s  i n  e q u a t i o n  ( 8 . 5 8 . )  c a n  
be worked  o u t  by  g r a p h i c a l  i n t e g r a t i o n  o r  by  S im p s o n Ts 
r u l e .
15 .  The v a r i a n c e s  o f  Cq, C^, C2 a n d  t h e i r  c o v a r i a n c e s  
a re  c a l c u l a t e d  a s  d e s c r i b e d  i n  a p p e n d i x  A l .
16 .  The v a r i a n c e  and  s t a n d a r d  e r r o r  o f  E a r e  t h e n
t/
c a l c u l a t e d  by  e q u a t i o n s  ( 8 . 6 0 . )  a n d  ( 8 . 5 9 * ) *
I n  t h e  p r e s e n t  s t u d y  o n l y  one c o n c e n t r a t i o n  p r o f i l e ,  
v i z .  y - p h a s e ,  i s  known.
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I t  f o l l o w s  t h a t  two a l t e r a t i o n s  s h o u l d  h e  made t o  t h e  
above p r o c e d u r e ,
( i )  I n  s t e p  2 ,  t h e  c o n c e n t r a t i o n s  o f  x ~ p h a s e ,  
which a r e  u s e d  t o  f i n d  t h e  y  v a l u e s  i n  s t e p  6 ,  c a n  o n l y  
be c a l c u l a t e d  by  o r d i n a r y  m a t e r i a l  b a l a n c e  a s  a  f i r s t  
a p p r o x i m a t i o n ,  i . e .  by  u s i n g  t h e  f o l l o w i n g  e q u a t i o n
Vy  ~ y B' = Vx  ” x: 2  ( 9 - 2 . )
to  c a l c u l a t e  t h e  v a l u e s  o f  x  a t  any  p o s i t i o n  o f  z .
/
( i i )  From e q u a t i o n  ( 9 * 2 . )  we h a v e  
V
x  * ( y  ~ y B) + xB = R (y  -  y B) + x g " ( 9 . 3 . )
For a  f i r s t  a p p r o x i m a t i o n  p u r p o s e ,  we n a y  s u b s t i t u t e  
e q u a t i o n  ( 9 * 3 * )  i n t o  e q u a t i o n  ( 9 . 1 * ) •
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Hence we c a n  g e t
y e = do + d i y  + d2y2 + d 3yJ ( 9 - 4 . )
d y pThus t h e  e v a l u a t i o n  o f  -vvr i n  s t e p  13 c a n  b e  s i m p l i f i e d  by  
u s i n g  t h e  f o l l o w i n g  e q u a t i o n :
dy
" d #  = d l  + 2d 2y  + 5 d 5y  ( 9 - 5 . )
f o r  e a c h  c o r r e s p o n d i n g  v a l u e  o f  z .
S i n c e  i n  t h i s  m ethod  o f  c a l c u l a t i o n  t h e  v a l u e s  o f  
eddy d i f f u s i v i t y  an d  Ka i n v o l v e  so  much work  i n  s o l v i n g  
t h e  ’ l e a s t  s q u a r e s  s i m u l t a n e o u s  e q u a t i o n s ’ b y  M a t r i x ,  
i t  i s  n e c e s s a r y  t o  u s e  t h e  h i g h  s p e e d  c o m p u te r  f o r  t h e  
c a l c u l a t i o n .
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A Summa r y  c f  t h e  Eddy D i f f u s i v i t y  C a l c u l a t i o n s .
U s i n g  e q u a t i o n  ( 8 0 6 a )  and  c o n s i d e r i n g  s t a n d a r d
e r r o r s  t h e  b e s t  v a l u e s  f o r  C w ere  o b t a i n e d .  I n  d o i n g
/ N 2. £
t h i s ,  e q u a t i o n s  ( 2 ) ,  ( i i )  and  (i=£4) b e lo w  w ere  e v a l u a t e d
2  /
and \ ie z )  gave  t h e  g r e a t e s t  a c c u r a c y .  E q u a t i o n  ( 4 )  was
2 2.
as a c c u r a t e  a s  ( « )  b u t  was r e j e c t e d  a s  t h e  Ka = « ( z )
curve  i s  u n l i k e l y  t o  be  a  s t r a i g h t  l i n e .
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9 . 2 .  R e s u l t s  o f  Eddy D i f f u s i v i t y  C a l c u l a t i o n .
The c a l c u l a t i o n  o f  E b o t h  f rom  e q u a t i o n s  ( 8 . 6 a )  and
S ?  J
( 8 . 2 # . )  f o r  t h e  c o n s t a n t  r a t i o  r i m s  h a v e  b e e n  c om pu ted  i n  
th e  f o l l o w i n g  f o u r  d i f f e r e n t  ways b y  u s i n g  a  F e r r a n t i  
e l e c t r i c  c o m p u t e r .
( 1 )  Assume Ka i s  a  l i n e a r  f u n c t i o n  o f  z a l o n g  t h e  
column,  i . e .  Ka = Cq + C^z.
( 2 )  Assume Ka = Cq + C-^z +
( 3 )  Assume Ka = Cq + C-^z + C2 Z2 + C^z3
( 4 )  S l i g h t l y  change  t h e  c o n c e n t r a t i o n  o f  t h e  
y - p h a s e ,  i . e .  s u c c e s s i v e l y  m u l t i p l y i n g  t h e  c o n c e n t r a t i o n s  
o f  y - p h a s e  by  t h e  m u l t i p l y i n g  f a c t o r s  0 .9 5 ?  0 . 9 6 ,  . . .  1 . 0 4 .
The r e s u l t s  o f  C v a l u e s ,  E* ( f r o m  e q u a t i o n  ( 8 . 6 a ) ) ,
s )
E ( f ro m  e q u a t i o n  ( 8 . ^ 5 . ) ) ,  an d  t h e i r  s t a n d a r d  e r r o r s  a r e  
shown i n  a p p e n d i x  A . 3* T a b l e  9*1* i s  a  summary o f  
c o m p u t a t i o n s  ( 1 ) ,  ( 2 ) ,  and  ( 3 ) .  T a b le  9 - 2 .  shows t h e  
change o f  E ^ ,  E ,  an d  Ka w i t h  t h e  m u l t i p l y i n g  f a c t o r s  a s  
m e n t io n e d  i n  ( 4 )  a b o v e .
T a b l e  9 * 3 .  g i v e s  a  c o m p a r i s o n  o f  v a l u e s  E* an d  E f o r  
t h e  above  c a s e s .
The c o m p u te r  u s e d  i n  t h i s  s t u d y  was a  r a t h e r  s m a l l  o n e .  
The c a l c u l a t i o n  o f  s t a n d a r d  e r r o r s  c o u l d  n o t  oe made i n  a 
s i n g l e  programme f o r  t h e  c o m p u t a t i o n  (4-) ah ov a .
Prom t h e  c o m p u t a t i o n  r e s u l t s  i t  i s  s e e n  - ;h a t  t h e  
s t a n d a r d  e r r o r s  o f  C v a l u e s  a r e  l a r g e r  i n  c a se  ( 3 ) ?  h u t  
n e a r l y  t h e  same i n  c a s e s  ( 1 )  and  ( 2 ) .  I t  seems u n l i k e l y  
t h a t  Ka i s  a  l i n e a r  f u n c t i o n  o f  z i n  t h e  column* h e n c e  
Ka = Cq + C-^z + C2 z2 was c h o s e n  f o r  t h e  c a l c u l a t i o n  o f  Ey 
o f  t h e  c o n s t a n t  t h r o u g h p u t  r u n s .
T a h l e  9*4-» i s  a  summary o f  eddy  d i f f u s i v i t y  h o t h  f o r  
c o n s t a n t  r a t i o  and  c o n s t a n t  t h r o u g h p u t  r u n s .  F i g .  9 . 1 .  and  
F i g .  9 * 2 .  show t h e  g e n e r a l  p a t t e r n  o f  E v s .  h a f f l e  s p e e d .
i/
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9*3* D i s c u s s i o n  o f  eddy d i f f u s i v i t y  c a l c u l a t i o n .
I n  g e n e r a l ,  T a b l e  9*1* shows t h e  f o l l o w i n g :
( 1 )  The v a l u e s  o f  E* ,  Cq, C-p • • * ,  v a r y  w i t h  t h e  
d i f f e r e n t  Ka e q u a t i o n  u s e d .  But  t h e  v a l u e s  o b t a i n e d  f rom  
Ka = Cq + C-^z an d  Ka = Cq + C-^z + C2 Z2 a r e  more  o r  l e s s  
n e a r l y  t h e  same.
( 2 )  The s t a n d a r d  e r r o r s  o f  E)e , Cq , C p  . . .  i n c r e a s e  
w i t h  t h e  num ber  o f  C t e r m s  i n  t h e  Ka e q u a t i o n .  But  t h o s e  
o b t a i n e d  f ro m  Ka = Cq + C^z and  Ka = Cq + C-^z + C^z2 show 
l i t t l e  d i f f e r e n c e .
( 3 )  The Ka v a l u e s  a t  z = 0 ,  and  Ka v a l u e s  a l o n g  t h e
column ( r e f e r  t o  a p p e n d i x  A , 5) v a r y  w i t h  d i f f e r e n t  Ka
e q u a t i o n s . T hose  f rom  Ka = Cq + C-^z a n d  Ka -  Cq + C ^ z + CqZ2 
are- n e a r l y  i d e n t i c a l  *
( 4 )  The v a l u e s  o f  E* and t h e i r  s t a n d a r d  e r r o r s  chang e
a b r u p t l y  w i t h  d i f f e r e n t  Ka e q u a t i o n s .  N e g a t i v e  v a l u e s  o f
E* a r e  o b t a i n e d  q u i t e  f r e q u e n t l y .
( 5 )  The s t a n d a r d  e r r o r s  o f  E a r e  much s m a l l e r  t h a n  
t h o s e  o f  E*.
(6 )  The v a l u e s  o f  E a r e  a lw a y s  p o s i t i v e ,  and  
compared w i t h  E* t h e y  show l i t t l e  d i f f e r e n c e  due t o  t h e  
d i f f e r e n t  Ka e q u a t i o n  u s e d .
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( 7 )  The v a l u e s  o f  E* ch an g e  i r r e g u l a r l y  w i t h  c h a n g e s  
i n  t h e  l i q u i d  f l o w  r a t e s  o r  b a f f l e  o s c i l l a t i n g  s p e e d s .
The v a l u e s  o f  E ch an g e  r e g u l a r l y .
( 8 )  The s t a n d a r d  e r r o r s  o f  E* a r e  a lw a y s  t h e  b i g g e s t  
compared w i t h  t h o s e  o f  E.
I n  T a b l e  9 *2 .  a r e  g i v e n  some e x a m p le s  o f  t h e  c h an g e
i n  v a l u e s  o f  E » ,  Cq, C^, C^  C^, E and  Ka a l o n g  t h e  column 
when s u c c e s s i v e l y  s l i g h t l y  c h a n g i n g  t h e  a q u e o u s  p h a s e  
c o n c e n t r a t i o n  p r o f i l e s .  I t  shows:
( 1 )  The v a l u e s  o f  E* ,  Cq, C^, C2 , C^, E an d  Ka a l o n g
th e  co lum n c h an g e  w i t h  a  s l i g h t  c h an g e  i n  t h e  c o n c e n t r a t i o n
p r o f i l e s .
( 2 )  Compared w i t h  Cq , C^, C£, C^ and  E,  E* c h a n g e s  
r a d i c a l l y ,  n o t  o n l y  i n  i t s  m a g n i t u d e  b u t  f r e q u e n t l y  c h a n g e s  
i t s  s i g n  a s  w e l l .
( 3 )  N e x t  t o  E>&, t h e  C v a l u e s  ch an g e  more t h a n  E.  The 
Ka v a l u e s  a l o n g  t h e  co lum n w hich  a r e  c a l c u l a t e d  f rom  t h e  C 
v a l u e s  shows somewhat g r e a t e r  s t a b i l i t y  t h a n  t h e  C v a l u e s .
( 4 )  R e f e r r i n g  t o  a p p e n d i x  A.3*> t h e  E v a l u e s  do n o t  
change a t  a l l  i n  r u n s  1 t o  5- A s l i g h t  ch an g e  o c c u r s  i n  
runs  6 t o  1 0 ,  an d  a r a t h e r  b i g g e r  ch an g e  o c c u r s  i n  h i g h  
"baff le  s p e e d  r u n s .  On t h e  w ho le  t h e  E v a l u e s  a r e  t h e  m os t  
s t a b l e  o n e s .
( 5 )  From T a b l e  9 * 2 .  i t  i s  s a f e  t o  s a y  t h e  v a l u e s  
o f  Cq , C-p C^, C^, E and Ka v a l u e s  chan g e  l i t t l e  w i t h  
change  i n  c o n c e n t r a t i o n  p r o f i l e .  On t h e  o t h e r  h a n d  E* 
c h a n g e s  q u i t e  a  l o t  i n  m o s t  c a s e s .
T a b l e  9*3« i s  a  c o m p a r i s o n  o f  t h e  E>s and  E v a l u e s  
o b t a i n e d  f rom  d i f f e r e n t  Ka e q u a t i o n s ,  and  t h e  a v e r a g e  E 
r e s u l t i n g  f rom  a  s l i g h t  ch an g e  i n  c o n c e n t r a t i o n s .  I t  i s  
o b v io u s  t h a t  t h e r e  i s  l i t t l e  d i f f e r e n c e  among t h e  v a l u e s  
o f  E.
A c c o r d i n g  t o  T a b l e  9»1* t o  T a b l e  9*3* we c a n  a r r i v e  
a t  t h e  f o l l o w i n g  c o n c l u s i o n s  w i t h o u t Ae r r o r :
(X) The v a l u e s  o f  E* i n v o l v e  t h e  b i g g e s t  c o m p u t a t i o n a l  
e r r o r s ,  t h e y  a r e  t h e  m o s t  u n s t a b l e  v a l u e s .  They a r e  
s u b j e c t e d  t o  c h a n g e  a b r u p t l y  i n  m a g n i t u d e  and  s i g n  w i t h  
even  a  s l i g h t  ch an g e  i n  c o n c e n t r a t i o n  p r o f i l e  o r  t h e  Ka 
e q u a t i o n  u s e d .  As t h e  eddy  d i f f u s i v i t y  s h o u l d  n e v e r  be  a  
n e g a t i v e  v a l u e ,  and  t h e  E* v a l u e s  show no r e c o g n i s a b l e  
p a t t e r n ,  t h e n  no t r u s t  c a n  b e  p u t  i n  them .
( 2 )  The s m a l l  s t a n d a r d  e r r o r s  o f  C v a l u e s ,  and  
t h e  v a l u e s  o f  Ka c a l c u l a t e d  f rom  th e m ,  show a n  
i n c r e a s e  i n  v a l u e  t o w a r d s  t h e  b o t to m  o f  t h e  co lum n .
T h is  c o i n c i d e s  w i t h  t h e  f a c t  t h a t  t h e  i n t e r p h a c i a l  a r e a
i n c r e a s e s  w h i l e  t h e  d i s p e r s e d  p h a s e  f a l l s
t o w a rd s  t h e  b o t t o m  o f  t h e  co lu m n .  T h i s  shows t h a t  t h e  C
v a lu e s  a r e  much more  r e l i a b l e  t h a n  t h e  E>£*
( 3 )  The K a ' s  c a l c u l a t e d  f rom  0 v a l u e s  d i f f e r  f ro m  
each o t h e r  a c c o r d i n g  t o  w h ic h  e q u a t i o n  b e lo w  i s  c o n s i d e r e d :
Ka = Cq + C-^z + C^z2
Ka = Cq +
W i t h i n  t h e  same e x p e r i m e n t a l  r u n s  t h e  ch an g e  i n  Ka 
o c c u r i n g  a l o n g  t h e  column i s  e x t r e m e l y  c o m p lex ,  so  much so  
t h a t  a  p o l y n o m i a l  c a n n o t  c o m p l e t e l y  r e p r e s e n t  t h e  c h a n g e .
I t  i s  n o t  u n e x p e c t e d  t h a t  e v en  t h o u g h  t h e  C v a l u e s  r e m a i n  
c o n s t a n t  a l o n g  t h e  co lum n t h a t  so m e t im e s  Ka becom es  
n e g a t i v e  t o w a r d s  t h e  end o f  t h e  co lum n .  As we ch an g e  t h e  
whole c o n d i t i o n  f rom  one r u n  t o  a n o t h e r  t h e  new c o n d i t i o n s  
are l i k e l y  t o  be  c o r r e l a t e d  by  t h e  a c c e p t e d  p o l y n o m i a l  t o  
a g r e a t e r  o r  l e s s  e x t e n t  and t h i s  a l s o  c o u l d  g i v e  r i s e  t o  
c i r c u m s t a n c e s  r e s u l t i n g  i n  a  n e g a t i v e  v a l u e  f o r  Ka a t  one 
or two l e v e l s  i n  t h e  co lum n.
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( 4 )  As shown i n  T a b l e  9*3>* t h e  E v a l u e s  c a l c u l a t e d  
from d i f f e r e n t  Ka e q u a t i o n s  show l i t t l e  d i f f e r e n c e .
Fig. 9 . 1 .  and  E i g .  9 * 2 .  show t h e s e  E v a l u e s  p l o t t e d  a g a i n s t  
the l i q u i d  f l o w  r a t e s  and  b a f f l e  s p e e d s ,  and  i t  c a n  b e  s e e n
th a t  t h e y  h a v e  a  d e f i n i t e  p a t t e r n .  F u r t h e r m o r e  t h e i r
s m a l l e r  s t a n d a r d  e r r o r s ,  an d  t h e  s t a b i l i t y  t o  s l i g h t  
c o n c e n t r a t i o n  c h a n g e ,  l e a d s  one t o  b e l i e v e  t h a t  t h e  E 
va lues  a r e  v e r y  r e l i a b l e .  A l t h o u g h  no d i r e c t
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e x p e r i m e n t a l  d a t a  i s  a v a i l a b l e  f o r  c o m p a r i s o n  w i t h  t h e s e  
v a l u e s ,  t h e i r  m a g n i t u d e  and  r a n g e  a r e  s i m i l a r  t o  t h e  eddy  
d i f f u s i v i t i e s  u s e d  by  Smoot and  Babb i n  t h e i r  e x p e r i m e n t a l  
work f o r  t h e  s y s t e m  m e t h y l  i s o b u t y l  k e t o n e - a c e t i c  a c i d - w a t e r  
i n  a p u l s e d  co lum n .  (Their  v a l u e s  o f  eddy d i f f u s i v i t y  w ere  
b a s e d  on o t h e r  work  (4-3 •)  where  m ass  t r a n s f e r  d i d  n o t  t a k e  
p l a c e .
As t h e  v a l u e  o f  E r e q u i r e d  i s  t h a t  v a l u e  w h ic h  w o u ld  
e x i s t  w h i l e  m ass  t r a n s f e r  i s  t a k i n g  p l a c e  t h e  m e th o d  
d e s c r i b e d  i n  t h e  p r e s e n t  work  i s  t o  b e  p r e f e r r e d .
F o r  t h e  r e a s o n s  a l r e a d y  s t a t e d  t h e  b e s t  e q u a t i o n  f o r  
Ka i s  Ka = Cq + C-^z + and t h i s  was u s e d  f o r  c a l c u ­
l a t i o n s  on t h e  c o n s t a n t  t h r o u g h p u t  r u n s .
The r e s u l t s  o f  E b o t h  f o r  c o n s t a n t  r a t i o  and  c o n s t a n t  
t h r o u g h p u t  r u n s  a r e  t a b u l a t e d  i n  T a b l e  9*4-.
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9.4-.  R e s u l t s  o f  T ru e  ’R ' C a l c u l a t i o n s  and  D i s c u s s i o no f
The v a l u e s  o f  eddy d i f f u s i v i t y  S com puted  an d  t a b u l a t e d  
in  T a b l e  9*4-. w ere  u s e d  t o  c a l c u l a t e  t h e  c o r r e c t i o n  t e r m  i n  
e q u a t i o n  ( 8 . 6 3 . )  and  t h e  t r u e  ' ^ 0y T from e q u a t i o n  ( 8 . 6 2 . ) .  
The Ka an d  IiQ^  v a l u e s  u s i n g  t h e  t r u e  'N v a l u e s  w ere  i n  
t u r n  c a l c u l a t e d  b y  t h e  f o l l o w i n g  e q u a t i o n s .
g  _
oy Noy
The r e s u l t s  a r e  shown i n  T a b l e  9»5*
T h e r e  i s  a  s m a l l  d i f f e r e n c e  b e tw e e n  an(3- ^ o y ^ M "
I t  f o l l o w s  t h a t  i t  i s  l i k e l y  t h a t  t h e r e  i s  l i t t l e  b a c k  
m ix ing  i n  t h e  a p p a r a t u s  and  t h a t  E i s  an  a c c u r a t e  v a l u e .  
I f ,  f o r  e x a m p le ,  t h e  c o r r e c t i o n  t e r m  was l a r g e  i t  c o u l d  
be due e i t h e r  t o  a  wrong v a l u e  o f  E o r  e x c e s s i v e  b a c k -  
mixing o r  b o t h .  I n  t h e  e v e n t  o f  a  s m a l l  d i f f e r e n c e  t h e  
c o n c l u s i o n  a r r i v e d  a t  seems r e a s o n a b l e .
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SECTION .10
C o n c l u s i o n
I n  s e c t i o n  8 ,5 *  i t  was shown t h a t  i n  a l l  
c o u n t e r  c u r r e n t  m ass  t r a n s f e r  p r o c e s s e s  t h e r e  w i l l  he 
l o n g t i t u d i n a l  m i x i n g .  Many e x a m p le s  e x i s t  i n  t h e  l i t e r a t u r e  
h a s e d  on e x p e r i m e n t s  w i t h  l i q u i d - l i q u i d  e x t r a c t i o n  
e q u i p m e n t .  L o n g t i t u d i n a l  m i x i n g  h a s  a  d e t r i m e n t a l  e f f e c t  . 
on t h e  e x t e n t  of: m ass  t r a n s f e r  and a f t e r  a  c r i t i c a l  p o i n t
becom es  s u f f i c i e n t l y  l a r g e  t o  p r o d u c e  a  maximum ( 2 4 * 3 3 )
i n  t h e  v a l u e s  o f  Ka and N .oy e
Prom m ass  t r a n s f e r  s t u d i e s  on t h e  o s c i l l a t i n g  
B a f f l e  Column d e s c r i b e d  i t  i s  a p p a r e n t  t h a t  s p e e d  o f  
O s c i l l a t i o n  o f  t h e  B a f f l e  i s  m o s t  i m p o r t a n t  i n  
d e t e r m i n i n g  t h e  e f f i c i e n c y  o f  m ass  t r a n s f e r .
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I n  s e c t i o n  9 . 5  i t  was shown t h a t  t h e  * c o r r e c t i o n  t e rm *  
was v e r y  s m a l l , an  i n d i c t i o n  t h a t  t h e  e x t e n t  o f  b a c k - m ix i n g  
was a l s o  v e r y  lo w .  T h is  i n d i c a t e s  h i g h  e x t r a c t i o n  
e f f i c i e n c y o  The b a f f l e  o s c i l l a t i n g  spe ed  I s  c a p a b l e  o f  
c o n s i d e r a b l e  i n c r e a s e  above t h e  l e v e l s  u s e d ,  once  a p r e c i s e  
method f o r  c o u n t i n g  t h e  o s c i l l a t i o n s  i s  e s t a b l i s h e d #  T here  
i s  l i t t l e  d o u b t  t h a t  t h e  ?0BC? w i l l  be an  e x c e l l e n t  
e x t r a c t o r  when w ork ing  a t  op t im um  c o n d i t i o n s .
The e x p e r i m e n t a l  m easurem ent  o f  eddy d i f f u s i v i t y  i s  
u s u a l l y  r e s t r i c t e d  ,fep e i t h e r  a s i n g l e  p h a se  o r  a b i n a r y  
sy s tem  i n  which no mass t r a n s f e r  t a k e s  p l a c e .  Eddy 
d i f f u s i v i t i e s  o b t a i n e d  i n  t h e s e  ways w i l l  d i f f e r  f rom  
v a l u e s  o b t a i n e d  i n  t h e  p r e s e n c e  o f  mass t r a n s f e r .
In  s e c t i o n  £»5 a method f o r  c a l c u l a t i n g  eddy d i f f u s i v i t y ^  
i s  d e s c r i b e d  i n  t h e  p r e s e n c e  o f  mass t r a n s f e r *  T h i s  h a s  
n o t  b e en  a c h i e v e d  p r e v i o u s l y  by any w o r k e r .  The c o m p u t i o n a l  
r e s u l t s  a r e  g i v e n  i n  S e c t i o n  9#.2., D i r e c t  p r o o f  by m a t h e m a t i c s  
o r  e x p e r i m e n t  i s  n o t  p o s s i b l e  a s  y e t ,  b u t  s t a t i s t i c a l  
t e c h n i q u e s  have b e en  u s e d  t o  d e m o n s t r a t e  t h e  s m a l l  s t a n d a r d  
e r r o r  o f  t h e  f i n a l  v a l u e  o f  Ey t h e  eddy d i f f u s i v i t y .
F u r t h e r  c o n f ’l u n a t i o n  i s  p r e s e n t e d  by com par ing  i t s  
n u m e r i c a l  r a n g e  w i t h  t h e  v a l u e s  o f  Ey o b t a i n e d  by Max & Babb 
i n  p u l s e d  columns ( * • * ) ,  and  from a c o n s i d e r a t i o n  o f  t h e  
p a t t e r n  o f  Ey vs  b a f f l e  sp e ed  i n  t h e  p r e s e n t  s t u d y  ( P i g .  9 . i f  
A l l  t h e s e  c o n s i d e r a t i o n s  p o i n t  t o  t h e  r e l i a b i l i t y  o f  t h e
1 6 4
v a l u e s  o f  Et * o b t a i n e d *  The m ethod d e s c r i b e d  . />
S e c t i o n  i s  t h e  o n l y  way a t  p r e s e n t  t o  c a l c u l a t e
t h e  eddy d i f f u s i v i t y  i n  a t e r n a r y  sy s te m  i n  which  s a a te rp h a se
mass t r a r  s f  e r  i s  t  a k in g  p l a c e .
I f  zhe eddy d i f f u s i v i t y  d a t a  i s  a v a i l a b l e *  e q u a t i o n  
(£*6 3 ) Chen  can  be u s e d  f o r  t h e  c a l c u l a t i o n  o f  t h e  
" c o r r e c t i o n  t e r m "  o f  True  numbers  o f  mass t r a n s f e r  
u n i t s  g T h i s " c o r r e c t i o n  t e r m “i s  an i n d i c a t i o n  o f  t h e  
e x t e n t  o f  l o n g i t u d i n a l  m ix in g  i n  t h e  co lum n.  The t r u e  
num’a e r  o f  mass t r a n s f e r  u n i t s  i s  o b t a i n e d  by  summing 
t h  s ^ M easured” number o f  t r a n s f e r  u n i t s  and t h e  " c o r r e c t i o n  
t  errn".
T h is  i s  a v e r y  i m p o r t a n t  t o o l  f o r  d e s i g n  work .
The method i s  o f  c o n s i d e r a b l e  i m p o r t a n c e  inasm uch  
a s  i t  i s  q u i t e  g e n e r a l ,  a p p l y i n g  t o  a l l  c a s e s  even  when ^  
e q u i l i b r i u m  c o n d i t i o n s  a r e  n o n - l i n e a r  and Ka i s  n o t  
c o n s i d e r e d  t o  be c o n s t a n t  t h r o u g h o u t  t h e  l e n g t h  o f  t h e  
e x t r a c t o r .
The f r a c t i o n a l  e x t r a c t i o n  d i a g r a m  d e v e lo p e d  i n  s e c t i o n  
( 6 , 5 )  shows p ro m is e  a s  a rn i thod  f o r  m easurem ent  o f  column 
p e r f o r m a n c e  b a s e d  on t h e  a r e a  bounded  by a c u r v e  and t h e  
d i a g o n a l .  The s m a l l e r  t h e  a r e a  t h e  b e t t e r  tr ie p e r f o r m a n c e .  
The d i a g o n a l  r e p r e s e n t s  a  c a s e  w i t h  no l o n g t i u d i n a l  m ix in g  
an d  may be  r e g a r d e d  a s  ?i d e a l  p e r f o r m a n c e J  f u r t h e r  work 
i s  c o n t i n u i n g  on t h i s  a s p e c t *  • -  ■
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Sum m aris ing  —
1) t h e  f u n c t i o n  and p r o p e r t i e s  o f  a new l i q u i d *  l i q u i d  
e x t r a c t o r  have  been  t h e o r e t i c a l l y  and  e x p e r i m e n t a l l y  
e x am in ed ,
2) a  m ethod h a s  been  d e v i s e d  u s i n g  n u m e r i c a l  a n a l y s i s  f o r
s o l u t i o n  o f  d e v e lo p e d  d i f f e r e n t i a l  e q u a t i o n s  f o r  f i n d i n g  
Ey t h e  eddy d i f f u s i v i t y  i n  t h e  p r e s e n c e  o f  mass t r a n s f e r .  
T h i s  h a s  n o t  b een  a c h i e v e d  p r e v i o u s l y .  The v a l i d i t y  o f  
t h e  method and t h e  a c c e p t a b i l i t y  o f  t h e  Ey v a l u e s  have  
• ' b e en  t e s t e d  u s i n g  s t a t i s t i c a l  t e c h n i q u e s .  The work was 
f a c i l i t a t e d  by u s i n g  a F e r r a n t i  SIRIUS c o m p u to r ,
3) A *eo:rrrectio:i t e r m 7 h a s  b e e n  e v a l u a t e d  t o  c o r r e c t  
m e a su re d  v a l u e s  o f  Noy, t h e  number o f  t r a n s f e r  u n i t s  
r e q u i r e d  t o  e f f e c t  t h e  mass t r a n s f e r *  T h is  c o r r e c t i o n  
t e r m  g i v e s  a m easu re  o f  t h e  l o n g i t u d i n a l  m ix in g  
o c c u r r i n g  i n  t h e  s y s te m .  I t  w a s  shown t h a t  t h i s  m ix in g  
i s  s m a l l  I n  * . t h e  o s c i l l a t i n g  b a f f l e  column and t h a t  t h e  
e q u ip m en t  i s  v e r y  e f f i c i e n t ,
4) I t  h a s  been  . shown how s. * f r a c t i o n a l  e x t r a c t i o n *  d ia g ra m  
can be u s e d  a s  a m easu re  o f  t h e  e f f i c i e n c y  o f  s e p a r a t i o n  
i n  t h e  s y s te m .
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N om en c la tu re
A1. A.n.2 , CD. An C o n s t a n t s .
cl a 2  *** avn C o n s t a n t s ,
b 2  • • * • n C o n s t a n t s «
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B. Eddy d i f f u s i v i t y ,  o r  v a l u e s  o f  e d d y  d i f f u s i v i t y
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MP
b a s e d  on $ - p h a s e ,  f t ,  
h Column h e i g h t ,  f t .
K O v e r - a l l  mass t r a n s f e r  c o e f f i c i e n t  b a s e d  on
y - p h a s e  i n  t h i s  t h e s i s ,  f t . / h r f 
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0wxo Aqueous p h a l s e  f l o w  r a t e  
0 ci. ^  O r g a n i c  p h a s e  f l o w  r a t e
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IT Number o f  o v e r - a l l  t r a n s f e r  u n i t s  b a s e d  on y - p h a s e
( ^ 0y)j/[ M e a s u re d  o v e r - a l l  num ber  o f  t r a n s f e r  u n i t s  b a s e d  on
y - p h a s e
( ^ o y ) p  A p p a r e n t  o v e r - a l l  number  o f  t r a n s f e r  u n i t s  b a s e d  on 
y - p h a s e
U Mass mean v e l o c i t y  ( d i m e n s i o n a l )  f t . / h r .
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l b .  m o l e s / c u .  f t .
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( 8 . 4 2 . )
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( 8 . 4 2 . )
C o n s t a n t  d e f i n e d  b y  e q u a t i o n  ( 8 . 4 2 . )
At , Ax , At, , . . .  C o e f f i c i e n t s  o f  pow er  s e r i e s
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S u b s c r i p t s .
B Bot tom o f  t h e  column
e E q u i l i b r i u m *
x  ■ O r g a n ic  p h a se  ( r a f f i n a t e  p h a s e ) ,
y Aqueous p h a s e  ( e x t r a c t  p h a se )*
T Top o f  t h e  co lum n.
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Appendix 1. The method of least squares.,
The m e tho d  o f  l e a s t  s q u a r e s  i s  s e e k i n g  an  a p p r o x i ­
m a t i n g  f u n c t i o n  w h ich  comes a s  c l o s e  a s  p o s s i b l e  t o  t h e  
v a l u e s  a t  t h e  g i v e n  e m p i r i c a l  da ta ,  and  s t i l l  r e t a i n  a  
p r e d e t e r m i n e d  c h a r a c t e r i s t i c  w h ic h  w i l l  show t h e  g e n e r a l  
n a t u r e  o f  t h e  d a t a  b u t  w i l l  n o t  n e c e s s a r i l y  p a s s  e x a c t l y  
t h r o u g h  t h e  g i v e n  p o i n t s .
L e t  u s  c o n s i d e r  a  s e t  o f  m p o i n t s  ( x . ,  y . ) , ( j  = 1 ,  2 ,u J
3 , . .  . m) , w h ic h  h a v e  b e e n  o b t a i n e d  by  m e a s u r e m e n ts  and  
w h ich  s h o u l d  be  r e l a t e d  by  some f u n c t i o n ,  y  = f ( x ) .  As a 
f i r s t  c o n s i d e r a t i o n  l e t  u s  d e s i g n a t e  t h e  f u n c t i o n  t o  be  a 
p o l y n o m i a l  o f  d e g r e e  n  < m. I f  we l e t .
we p r o p o s e d  t o  d e t e r m i n e  t h i s  p o l y n o m i a l ,  i . e .  t o  f i n d  t h e
v a l u e s  o f  t h e  c o e f f i c i e n t s  b^  ( i  = 0 , 1 , . . .  n )  s u c h  t h a t
t h e  p o l y n o m i a l  ( A l . l . )  i s  a  ’ good f i t ’ t o  t h e  d a t a
( x . ,  y.)« I f  we s u b s t i t u t e  t h e  p o i n t s  i n t o  t h e  p o l y n o m i a l  
<3 0
we h a v e  t h e  m e q u a t i o n s
0
( A l . l . )
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C 9 T)Er  * b n + + b 0x n + ____ +b x1■ - uQ i- -i- -  yx
J K2 = b 0 + b lX2 + b 2x 22 + . . . +bn x 2n  -  y 2
( A 1 . 2 . )
• • • I «
R = b~ + b-.x^ + b 0x  2 + . . .  + b x  n -  * V m 0 1 m 2 m  n m
which  a r e  n o t  e q u a l  t o  z e r o  s i n c e  t h e  p o l y n o m i a l  d o e s  n o t  
n e c e s s a r i l y  p a s s  e x a c t l y  t h r o u g h  t h e  p o i n t s .  The 
d i f f e r e n c e  b e t w e e n  t h e  p o l y n o m i a l  v a l u e  and  t h e  o b s e r v e d  
f u n c t i o n a l  v a l u e ,
n
i  = 0
(a 58 0, 1, . . .  m)
i s  c a l l e d  t h e  r e s i d u a l  and  i s  d e n o t e d  by  R . .  T h u s ,  weJ
have t h e  m r e s i d u a l  e q u a t i o n s  e x h i b i t e d  i n  ( A 1 . 2 . ) .  The
p r i n c i p l e  o f  l e a s t  s q u a r e s  s t a t e s  t h a t  t h e  b e s t  r e p r e ­
s e n t a t i o n  o f  t h e  d a t a  i s  t h a t  w h ic h  makes t h e  sum o f  t h e  
s q u a r e s  o f  t h e  r e s i d u a l s  a  minimum. We t h e r e f o r e  s e e k  t o  
make t h e  f u n c t i o n
f ( b 0 , Td15 b 2 , ... b n ) = + R22 + R j 2 + ... Rm2 ( A 1 . 3 . )
a minimum. The c o n d i t i o n s  w h ich  f u l f i l s  t h i s  r e q u i r e m e n t  
i s  t h a t  t h e  p a r t i a l  d e r i v a t i v e s  be  z e r o .  Thus
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Sow f rom  ( A 1 . 2 . )
d R a > n
JbQ = 3b~Cbo + bi xa + b2x3 + ••• + V j  “ yd] = 1
<)R.  ^ 2 n
+ b n x . + b 0x . + . .  P + b x . -  y . ] -  x .
^ D1 c 1 1 J 2 J n 3 0 0
) H
_ i  _ ^ i _ [ b  + b . x .  + b 0x . 2 + . . .  + b x . n  - 'y .3  = x .1t)b2 ^ b 2 0 1 j  2 o n  q ^  0
I Yy^ - = T^ ”"l>o b1X-i + box-i2 + . . .  + “ y*l3 = X.n
^ 1 n   ^ n   ^  ^  ^ J ^
(A1.5.)
? o r  (0  = .1 , 2 5 . . . m ) .  t h e  s y s t e m  (A1.4- .)  t h u s  becom es
r  j R-, + ■ R0 + R,  + . . .  + R = 0,.. - X ■ 2 , m -
x-jR^ + x 2S2 + x 3RJ  + * 0 * + xr A  = 0
x l 2%  + x 2* R2 + x $2 + *** + xm2 ^m = ^ ( A 1 . 6 . )
v
x f R 1 + x 2n R2 + x^nR^ + . . .  + xm2 Rm = 0
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If we replace R. by their values from equations (A1 .2 .)tJd
and. collect the coefficients of the n+1 unknowns b^,
(i = 0 , 1 , ... n ) 9 we have
mbn + b-. L x . + b 0 E x .2 + ... + b L x .n  = Ly . 0  1 3 2 g n o  J 3
b0 £x. + bn £x. .2 + b 0 i(x .3 + ... + b hx.n+^ = bx .y.
I b n L x .2 + b-i hx  .3 + b + . . .  + b j x . n + ^ = E x .2y .\ ^ d -u J t— J n  j  J o
II
! - * n in-1 -b 7/„. n+2 + b s 2n % n
, j ■ “I  :i • 2 "'\j ’ *• n j  " d J i
( A 1 . 7 . )
where all summations a.re from 1 to m, i.e.
£x . 3 = xx 3 + x2 3 + -Xj3 + x^ 3 + ... + xm3
-  Xi 27x + X2 y 2 + x 3 J 3 + * • '  + xm y m
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The e q u a t i o n s  (A l* 7 » )  known a s  t h e  l e a s t  s q u a r e  
e q u a t i o n s ,  o r  a s  t h e  n o r m a l  e q u a t i o n s .  The s o l u t i o n  o f  
w h ich  w i l l  y i e l d  t h e  c o e f f i c i e n t s  b^  so  t h a t  t h e  
p o l y n o m i a l
y  = b r, + b-,x + b 0x2 + . . .  + b x11 . 0 1  2 n
i s  now d e t e r m i n e d ♦
The l e a s t  s q u a r e  e q u a t i o n s  ( A l . 7 . )  c a n  be  a l t e r n a ­
t i v e l y  w r i t t e n  i n  a  m a t r i x  fo rm  a s
m r.-v-U
E x .2 . £ x . na a b 0 ’ " Eyd
" V
E x . 2a
r v  3CJ.A. • • • • iLf-rL »a a h £xdy d
3a
i- 4  -  n+2 Lx . . . .  Ex .a . a
9
= £xd‘ y d
0
• • • « • • t •
•
9
0
»
* -
r  n  E x .
1
« n+1Ex •a i x . n+? . .  £ x . 2n 3 <3 i bnl_ i
r- n
£xd y d
M a t r i x  A M a t r i x  M a t r i x
B G
(A 1 .8 . )
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w here  m a t r i x  A i s  a s y m m e t r i c  m a t r i x ,  and  m a t r i c e s  B and  
G a r e  co lum n m a t r i c e s .  Hence t h e  v a l u e s  o f  Bq,  b ^ ,  t >2 • 
b n  c a n  h e  o b t a i n e d  from  t h e  m a t r i x  B w h ic h  was o b t a i n e d  
by  t h e  f o l l o w i n g  m ann e r :
B = A- 1 C ( A 1 . 9 - )
Now l e t  u s  d i s c u s s  b r i e f l y  t h e  m e th o d  o f  c a l c u l a t i o n  
r e s i d u a l  v a r i a n c e ,  s t a n d a r d  e r r o r s  and  c o v a r i a n c e s .  I f  t h e  
l e a s t  s q u a r e  e q u a t i o n s  a r e
I b l Cl l  + b 2 ° 1 2  + 1°3°13  + b 4 ° W  “ Cy l
b l C12 + b 2C22 + b 3C23 + b 4-C24 = Cy2
b l c l 3  + b 2°23  + b 3C33 + t>4 C3^ " Cy3
b l C14 + b 2C24 + b 3C34 + = Cy4  ( A 1 . 1 0 . )
x. e .
180
I—1 1—1 
o
C12 G13 CX4 V
I-1
. oi.
° 1 2 °2 2 C23 C24- b 2 C o y  2
c l 3 C23 C33 ' c 3^ b 3 Cy3
c 14 ° 2 4 °3 4 GW V
M a t r i x  A M a t r i x  Mat r i x
B C
i h e n  ( 1 )  t h e  e s t i m a t e  o f  r e s i d u a l  v a r i a n c e  i s
s * = — _ 1 ------~ ( c  -  b , C , -  b 0C „ -  b ,C  ,n  -  p -  1 K j j  X y l  2 y2  3 j 3
V V o
( A l . l l . )
(A 1 .12 . )
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w here
n  « num ber  o f  s e t s  o f  o b s e r v a t i o n s  u s e d  
p  = d e g r e e  o f  f r e e d o m  
Cyy = £ (y  -  y ) 2
y  = mean v a l u e  o f  y
( 2 )  The s t a n d a r d  e r r o r s  o f  t h e  e s t i m a t e d  r e g r e s s i o n  
c o e f f i c i e n t s  a r e  o b t a i n e d  by  t h e  way o f  i n v e r s e  m a t r i x .
Thus
S . E . O p  = sVc-^-
S .E .C b g )  = b / 5 2 2  
S . E . ( b * )  = s / o 55 
S . E . ( b 4 ) = Sv'cf4
11 PP ^  4 4  « —1w h ere  C , C , C> , C a r e  d i a g o n a l  e l e m e n t s  o f  m a t r i x  A
( 3 )  The c o v a r i a n c e s  o f  e s t i m a t e s  a r e  g i v e n  b y  . t h e
n o n - d i a g o n a l  e l e m e n t s  o f  t h e  i n v e r s e  m a t r i x  A
CovCbjbg)  = S2 C12 = S2 C21
CovCb-jb,)  = S2 C15 = Sa C51
CovCb-jb^) = S2 C14 = S2 C4'1
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CovCbgb,)  = S2 C25 = S2 ^ 2
C o v (b 2b 4 ) = B2Q2^  = S2 ( t 2
CovCbjb^)  = S2 C ^  = S2 C4 3
T h ese  c o v a r i a n c e s  o f  t h e  e s t i m a t e s  i n d i c a t e  t h e  
e x t e n t  t o  w h ic h  c h an c e  e r r o r s  i n  t h e  e s t i m a t e  o f  any  one 
c o e f f i c i e n t  w i l l  a f f e c t  t h e  e s t i m a t e s  o f  o t h e r  c o e f f i c i e n t s ;
t h e y  r e f l e c t  any  c o r r e l a t i o n s  b e tw e e n  o b s e r v e d  v a l u e s  o f
t h e  i n d e p e n d e n t  v a r i a b l e s .
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Appendix 2.
C a l c u l a t i o n  o f  S .E .  o f  E f rom  E q u a t i o n  ( 8 . 5 8 * )  
E q u a t i o n  ( 8 . 5 8 . )  c a n  be  w r i t t e n  a s
f l  “  f 2
E = f ^ " T ~ = F ( f 15f 2 , f 5 , f 4 ) ( A 2 . 1 . )
w here
“ 1
J y l
 ----X— cly
ye - y
Gi ' G? , - zn  ' ; 
f j ,  = i  £ Z "  -t ■
f  = r i  '
- 3  y e -  y ' d z J zn
% - j  ry~^ "h&~)('S)2dz
z e n
Hence we h a v e
V(E ) = ( ^ ) 2V (f l ) + ( ; ^ ) V ( f 2 ) + ( ^ V ( f 3 ) + ( ^ . ) * y ( f 4 )
+ ( f t p 0ov( £i  >f  2 ) + ) Cov<-f  1 ’ f  3 )
+ ^ f  x ^   ^C °V f 1 ’f 4 ^ + ^ /f 2 ^ f ^  C 0 v ^ f 2 ’f 3 ^
+ ^ / f  f  2  ’ h ?  + <' ^ ) . ' )G0V<' f  3 ’
+ t e r m s  i n v o l v i n g  h i g h e r  d i f f e r e n t i a l s  ( A 2 . 2 . )
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I f  we i g n o r e d  t h e  h i g h e r  d i f f e r e n t i a l  t e r m s ,  and  a s
1
-  f 3 f 4
JUL) _ - 1
G f  2 f 3~f 4
/ c)F s f l  ~ f 2
( ^ }  .  T i p ^ r
T h e r e f o r e  e q u a t i o n  ( A 2 . 2 . )  t a k e s  t h e  fo rm  o f
7 <E > =  T f ^ r  v ( f d  +  n p V ' v ( f 2 )
( f - , ~ f 0 )
V ( f , )  +
( V f4 ^
-  ( f 5 - f 4 T r  c ° T n 1 , f 2 ) ~ C o v
+ T T f f f r  C o v i f ^ y  + x ^ z ^ y  Cov ( f 2 ’ f 3 }
f  —f  ( f  “ f  ) 2
“  C o v ( f 2 >f h  ~  C o v (A 2 .3 .)
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o r
f  ~ f
u ^ r  f°ov + CCot <
+ v ( f 4 ) ]  j
)]
I f  ( a )  V ( e x p e r i m e n t a l  d a t a )  i s  a c c u r a t e  enough  
J
i . e .  V(V ) -  0
1
( b )  As y  -  y  i s  l a r g e  i n  v a l u e ,  i . e .  - — — : i s  v e r y
G  J Q J
s m a l l ,  t h e n  we may assume
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(c) Due to reasons (a) and. (b) > the third term is 
negligible.
Then V C ^ )  = 0
n
(2) V(fp) - V[ J (Cq + G-^ z + GpZ^dz]
C, C„ znl _ a  . 2-  V {[ 0 0 z + + - f  2' ]  }
ci£0 i ) f 0
= v <c o > + ( r c f > 2 v <c i>
i> f p i i f p  J f p
+ (JG~) V(C2 ) + ( J C ^ ) ( J C ^ ) Cov
i jfp
+ C0V ^C0 ,C2^
# ip ip
+ <- J c 7 ^ | c t ' ) Cov ^C1 ’C2^JL cL
Z Z 2
“ { M Z* } V(C0) + V<C1>
Z Z Z
+ + [ z h “  Cov ( c o ’V
♦ C OT (C0 ,C2,
a z 3 zn
+ C -^3Z Cov (C ^ cp
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Z1
( 5 ) f  = r— - —~} 3 y  -  y * d z J z
z l
v t r 3> • T
■ * { t ^ l 1 V (g )
r  1 dy-, 1 Cov (' i  + Cye - y'dzJ2n V e - y-dzJ
S i n c e  - — i s  v e r y  s m a l l  i n  v a l u e .  .J q ~ J
Thus
(a) a o
3 Z1
( b )  { y 0
( c )  The t h i r d  t e r m  i s  t h e  p r o d u c t  o f  -— ~—y e ~ y  dz
Cov( _ _ L _ 5| Z )  b u /  a s  a r e  s m a l l
e e
v a l u e s ,  so  i t  i s  r e a s o n a b l e  t o  assume t h i s  
t e r m  a l s o  n e g l i g i b l e .
V ( f , )  = 0
Z1 i y .
W  h = /  ( y  - y r  dz
z e n
i .  + * 5 * .  *  | f £ l  ( d z ) 2 d a
(yQ - y) dz;
Let
f  a l  + ^ a 2^ + / d y N2 u  / d y s 2
5 “ ( y p r y j ^ -  —  w  - T ^ T T  (55)
Then ,z ^
f 4  " /  ( f ^ ) d z  
■7 zn
and /'Z-j^
V ( f Z|_) = I  V ( f 5 )d z  
 ^ zn
where
^  f  c -i
VCf r )  = Y( u)  + [ — - ] 2 V [ ( — ~  )^ 5 '  . yp -  y ;
!’ V e -  J J
+ C— 5t ; 1 2 v  ( f f )
+ ( t t T ' K  Cov [u  ,7— -— vyz-]^ye - y;
. -ye -  yy
i/fj-  ^ f^ -rr
+ ( v ? ) c L - g ^ ]  C o v  ( U )  ^
oxnce
__J2---------------"■ f  d y  ' a _ /  (3.2 V
Ju Tye - y) ' c^Lzy ‘ V e - y
(y7^r y) = u (^ )2
_ 2u
J(|S ) = (ye -  y r  mz
• • •  V ( f . )  = ( ™ ^ —  ) 4  V (u ) + u ( f ? ) 4  V [(;5' " vye - y' ^ u' T u W  v LV e
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As —•— : i s  v e r y  s m a l l  i n  v a l n e , h e n c e  a l l  t e r m sy e -  y
on t h e  r i g h t  s i d e  o f  t h e  above e q u a t i o n  a r e  n e g l i g i b l e
i . e .
v ( f5) = 0
o r
= / V ( f 5 )d 2  = 0
S u b s t i t u t i n g  t h e  v a l u e s  o f  Y ( f - j ) ,  V ( f 2 ) , V ( f ^ )  and  
V ( f ^ )  o b t a i n e d  above  i n t o  e q u a t i o n  ( A 2 .2 ) ,  we p r o v e  t h e  
e q u a t i o n  ( 8 . 6 0 . ) .
The n u m e r i c a l  m ethod  o f  e v a l u a t i o n
The f i r s t  d e r i v a t i v e  and  s e c o n d  d e r i v a t i v e
A 3 .1 .  F i n i t e  D i f f e r e n c e s ,
When o u r  s o l e  kno w led g e  o f  a  f u n c t i o n  o f  one v a r i a b l e  
i s  a  s e t  o f  n u m e r i c a l  v a l u e s ,  t a b u l a t e d  a t  s p e c i f i e d  
e q u i d i s t a n t  v a l u e s  o f  t h e  a rg u m e n t ,  p e r h a p s  t h e  m ost 
u n i v e r s a l l y  p o w e r f u l  m eth od  o f  e x a m in in g  t h e  f u n c t i o n ,  
a p a r t  from  a  s im p le  p l o t  i s  t o  fo rm  a  t a b l e  o f  d i f f e r e n c e s  
The p r e s e n t  d i s c u s s i o n  i s  l i m i t e d  t o  e q u a l  i n t e r v a l s  o f  
t h e  a rg u m e n t .
The s u b j e c t  o f  f i n i t e  d i f f e r e n c e s  i s  p e r h a p s  b e s t  
i n t r o d u c e d  by  a n  e x a m p le .  T a b le  A 3 .1  shows v a l u e s  o f  y  
t a b u l a t e d  a t  Az ~ 1 ” ( -  f t l ) ?  from  z = 0 t o  z * 34-”
( -  2 .8 3 3  f t * ) ;. "The ’ f i r s t  d i f f e r e n c e s  * a r e  fo rm ed  by  
s u b t r a c t i n g  e a c h  y  v a l u e  from  t h a t  im m e d ia te ly .-b e lo w  i t  
i n  t h e  t a b l e ,  t h e  ’ s e c o n d  d i f f e r e n c e s ’ a r e  o b t a i n e d  by  
o p e r a t i n g -  on t h e  f i r s t  d i f f e r e n c e s  i n  a  s i m i l a r  m an n e r  
an d  so  w i t h  o t h e r  c o lu m n s .  I n  c e r t a i n  c a s e s  t h e  
d i f f e r e n c e s  d e c r e a s e  n u m e r i c a l l y  i n  e a c h  s u c c e s s i v e  
c o lu m n , we s a y  t h a t ,  a t  t h e  i n t e r v a l  u s e d ,  t h e  f u n c t i o n  
i s  w e l l - b e h a v e d .  But i n  m o st  c a s e s ,  su c h  a s  i n  T a b le  A 3 .1  
t h e y  a r e  n o t  w e l l - b e h a v e d .
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u s e d  f o r  d e s i g n a t i n g  t h e  d i f f e r e n c e s ,  f a b l e  A 3 .2  shows 
t h e  t h r e e  s y s te m s  i n  common u s e .  A p p ly in g  t h e s e  t o  
f a b l e  A 3 .1 .  we s e e ,  f o r  e x a m p le ,  t h a t  t a k i n g  z e r o  a t  
z = , t h e  v a l u e  w h ich  h e a d s  t h e  t h i r d  co lum n i s  c a l l e d
^ - l ’ anc  ^ ^ - 5  i n  t h e  t h r e e  s y s te m s .  To be  p r e c i s e ,
i f  a  f u n c t i o n  y ( z )  i s  t a b u l a t e d  a t  e q u a l  i n t e r v a l s  h ,  o r  
i n  o t h e r  w ords  f o r  a rg u m e n ts  zn  = Zq + n h ,  t h e  f u n c t i o n  
y ( z n ) may b e  d e s i g n a t e d  y  and  we h av e
F o rw a rd  d i f f e r e n c e s  A ^ , n ~ y _n+1 ^ n t i  <7*
Backw ard  d i f f e r e n c e s  ^  ( A 3 .1 . )
C e n t r a l  d i f f e r e n c e s  1 = , n -  7hn+2 n+-L ii
We a l s o  s e e .  t h a t ,  f o r  e x a m p le ,  A _^2 = 6q2 and
t h a t  a l l  a r e  e q u a l  t o  A q -  A_-^ w h ic h  e v i d e n t l y  c a n  be 
w r i t t e n  -  2yQ +■ y ^ .
Table A3-2.
N o m e n c la tu re  f o r  D i f f e r e n c e s
Forward d i f f e r e n c e s  B ackw ard  d i f f e r e n c e s  C e n t r a l  d i f f e r e n c e s
A 3 .2 .  S y m b o lic  O p e r a t o r s .
| F i n i t e  d i f f e r e n c e  f o r m u la e  may be  o b t a i n e d  by
; symbolic m e th o d s  i n  w h ic h  we t r e a t  t h e  sy m b o ls  A , V ,  an d  6 a s  
o p e r a t o r s .
Ii
| I n  o r d e r . t o  d e r i v e  f o r m u la e  f o r  i n t e r p o l a t i o n  we make
I
■use o f  t h e  d i s p l a c e m e n t  o p e r a t o r ,  E , and t h e  a v e r a g i n g  o p e r a t o r
|
H w hich  a r e  d e f i n e d  b y  t h e  r e l a t i o n s
E4  = 7 n +l  “ i (y n + |  + ( A 3 . 2 . )
I These d e f i n i t i o n s  l e a d  im m e d ia te ly  t o  t h e  r e l a t i o n s  
1 ,-1
(A3.3 .)
A  = E -  1  V  » 1  -  E
I  _ I  I  _ I
6 .  E2 -  e "2 u -  J (E 2 + e "2 ;
and from  t h e s e ,  o t h e r  r e l a t i o n s  may be  d e r i v e d ,  e . g .
A  = v E = 6E2 u2 = 1 + 5&2 (A 3 .A .)
I n  o r d e r  t o  o b t a i n  f i n i t e  d i f f e r e n c e  f o rm u la e  f o r
a n a l y t i c a l  p r o c e s s e s  s u c h  a s  d i f f e r e n t i a t i o n  a n d  i n t e g r a t i o n  we 
must f i r s t  e s t a b l i s h  r e l a t i o n s  b e tw e e n  t h e s e  f i n i t e  d i f f e r e n c e  
o p e r a to r s  and  t h e  o p e r a t o r  o f  d i f f e r e n t i a t i o n ,  D, w h ich  i s  
d e f in e d  by  ' - ■ " ;;-- ■ -A : ai-,
; ' ; Dy • = : • (A3.5*)
The r e q u i r e d  l i n k  i s  p r o v i d e d  by  T a y l o r * s  e x p a n s i o n  
which c a n  b e  e x p r e s s e d ,  f o r  one d im e n s io n  .
I J
t 0*000 
7 0*788
i x*4*5
i i*9<>5 
f a*3 n   ^s . 655 
<3 * 9  71
> 3*2 54  
7 3*537 
? 3* 7 9 3 
/o 4* o 4** 
1/  4* 3 7 3 
.tf 4*490
/j 4 * 6 9 8  
if 4 * 8 9 1  
 ^ 5 * 0 7 0  
i( 5 * 2 4 9  
/> 5*4°5  
»5*56i,,5.693
■» 5 .835
i/5»9 53 
« 6.060 
U 6*z 68 
J/ 6.276 
if 6*370 
X 6.450 
6.521 
6.587 
 ^6.634 
Jo 6. 681
> 6.  714 
« 6.742 
7 6*761
> 6,780
TABLE A3 . I
0.788 
0.627 
o . 490 
o. 406 
0.344 
0.316 
0.283 
0.283 
0.255 
0.250 
0.231 
0.217 
0.208 
0*193 
o . i  79 
o*i 79 
0.156 
0.156 
0.132 
o . l  32 
0 . 1 2 7  
0.108 
0.108 
0*108 
0.094 
0*080 
0.071 
0*066 
0.047 
0.047 
0.033 
0.028 
0.019 
0.019
- o . i 60 
-0.137 
-0.085 
—0.061 
-0.028 
-0.033 
-o .000 
-0.028 
-0.005 
“ 0 . 0 1 9 
- 0 * 014 
-0.009 
- o .014 
-0.014 
o.ooo 
-0.024 
o.ooo 
-0.024 
0 .0 0 0  
-0.005 
-0.019 
- 0 .0 0 0  
0 .0 0 0  
- o . o i 4 
- o . o i 4 
- o .009 
-0.005 
-0.019 
— 0 .0 0 0  
- o . o i 4 
-0.005 
-0.009 
0 .0 0 0
0.024 
0.052 
0.024 
0.033 
-0.005 
0.033 
-0.028 
0.024 
- o . o i 4 
0.005 
0.005 
-0.005 
-o.ooo 
0.014 
-0.024 
0.024 
-0.024 
0.024 
-0.005 
-0.014 
0.019 
0 .0 0 0  
-0.014 
0 .0 0 0  
0.005 
0.005 
-0.014 
0.019 
-0.014 
0.009 
-0.005 
0.009
0.028 
-0.028 
0.009 
-0.038 
0.038 
-0.061 
0.052 
-0.038 
o.oi 9 
0 .0 0 0  
—0.009 
0.005 
0.01 4 
-0.038 
0.047 
-0.047 
0.047 
-0.028 
-0.009 
0.033 
-0.019 
-0.014 
0.014 
0.005 
0 .0 0 0  
- o . o i 9 
0.033 
-0.033 
0.024 
-0.014 
0.01 4
-0.057 
0.038 
-0.047 
0.075 
—o .099 
'0.1 & 3 
-0.090 
0.057 
-0.019 
-0.009 
o .o i 4 
0.009 
-0.052 
0.085 
—o . 0 9 4  
0.094 
-0*075 
0*019 
0.042 
-0*052 
0.005 
0.028 
-0.009 
-0.005 
-0.019 
o.o 52 
-0.066 
0.057 
-0.038 
0.028
M * *>'//.
0.094
-0.085
0.123
-0.174
0.212 
-0.203 
0.1 46 
-0.075 
0.009 
0.024 
-0.005 
-0.061
0.137
- 0 . 1 7 9
0.189 
- o . i 70 
0.094 
0.024 
-0.094 
0*057 
0.024 
-0.038 
0.005 
- o . o i 4 
0.071 
- o . i 18 
0.123 
-0.094 
0.066
- o . i 79 
o. 208
- 0 . 2 9 7
0*387
-0.415
o *349
- 0 . 2 2 2
^ •0 8 5
0.014
- 0 . 0 2 8
- 0 * 0 5 7
0.198 
-0.316 
o. 368 
-0*358 
0.264 
-0.071 
- o . i 18 
o . i  51 
-0.033 
-0.061 
0.042 
-0.019 
0.085 
-0.189 
o* 241 
- o . 2 1 7 
o . i  60
( y (x + h )  = y ( x )  + h y ' ( x )  + | y  y "  ( x )  + . . .
"h2= y ( x )  + hD y(x ) + D2y  (x )  + . . .
= (1  + hD + ~ r ~  + . • • )  y ( x )
^  , X= e y ( x )
B u t i f  h  i s  t h e  i n t e r v a l  o f  t h e  a rg u m e n t  x ,  
E | ( x )  a y ( x  + h )
Thus we e s t a b l i s h  t h e  r e l a t i o n
19 6
( A 3 .6 . )
( A 3 .7 . )
F o r  c o n v e n ie n c e  o f  r e f e r e n c e  we su m m arise  t h e  
r e l a t i o n s  b e tw e e n  a l l  t h e  o p e r a t o r s  i n  T a b le  A3.3*
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A3«3. F i n i t e  d i f f e r e n c e  f o r m u la e  f o r  d e r i v a t i v e s .
F i n i t e  d i f f e r e n c e  f o r m u la e  f o r  d e r i v a t i v e s  a r e  e a s i l y  
o b t a i n e d  by  u s i n g  t h e  r e l a t i o n s  b e tw e e n  a l l  t h e  o p e r a t o r s  
i n  T a b le  A3* 3-
To o b t a i n  a  f o r w a r d  d i f f e r e n c e  f o r m u la  f o r  t h e  f i r s t  
d e r i v a t i v e  o f  a  t a b u l a t e d  f u n c t i o n  we w r i t e
n y 0 ' = hDyo = Clog + A ) J y 0 = ( a - | a + | a3-  - - O y Q
( A 3 .8 . )
S i m i l a r l y ,  f o r  t h e  b a c k w a rd  d i f f e r e n c e  f o r m u la  we h a v e
h y Q' = hDy0 = - [ l o g ( l  - V ) ] y  = (V + iy 2 +^73 + . . . ) y 0
v v  u ^ y U( A 3 .9 - )
F o rm u lae  f o r  h i g h e r  d e r i v a t i v e s  a r e  o b t a i n e d  i n  l i k e  m a n n e r .  
F o r  e x a m p le ,  f o r  t h e  se c o n d  d e r i v a t i v e
h 2y "  = h 2 D2y Q = [ l o g ( l  + A ) ] 2y Q
= (A2 - A ? + r | k - | A 5 + U 2 A6 -  . . . ) y 0 ( A 3 .1 0 . )
The c o e f f i c i e n t s  i n  t h e  e x p r e s s i o n s  (A 3 * 8 .)  t o  ( A 3 .1 0 . )  
d e c r e a s e  s lo w ly  and  i t  i s  p r e f e r a b l e  t o  u s e  c e n t r a l  
d i f f e r e n c e  fo r m u la e  w h e r e v e r  c e n t r a l  d i f f e r e n c e s  a r e  
a v a i l a b l e .
A .3 -4 *  C e n t r a l  d i f f e r e n c e  fo r m u la e  f o r  d e r i v a t i v e s .
F o r  t h e  f i r s t  d e r i v a t i v e  i n  t e r m s  o f  c e n t r a l  d i f f e r e n c e s  
we w r i t e
The s e r i e s  o b t a i n e d  c o n t a i n s  o n l y ' o d d - o r d e r  d i f f e r e n c e s  
o f  yQ w h ic h ,  h o w e v e r ,  do n o t  a p p e a r  i n  t h e  d i f f e r e n c e  
T a b le  A 3 .2 .  f o r  p i v o t a l  p o i n t s .  We s u p p ly  t h e  o d d - o r d e r  
d i f f e r e n c e s  by  t a k i n g  t h e  mean o f  t h e  d i f f e r e n c e s  imme­
d i a t e l y  above  a n d  b e lo w  t h e  p i v o t a l  p o s i t i o n  i n  t h e  t a b l e .  
S y m b o l i c a l l y  we a c h ie v e  t h i s  b y  i n t r o d u c i n g  t h e  a v e r a g i n g  
v a c t o r  \x i n t o  t h e  n u m e r a to r  and  i t s  e q u i v a l e n t  (1  + ^ 6 2 )2  
i n t o  t h e  d e n o m in a to r ,  p r o d u c i n g  f i n a l l y  t h e  r e s u l t
h y 0 ‘ = hDy0 = (2  S i n j T 1 g 6 ) y 0
( A 3 .1 2 . )
F o r  t h e  s e c o n d  d e r i v a t i v e  we h a v e ,  m ore s im p ly
h a y 0 M = hzDzJ 0 -  (2  S i n j T 1
) y 0 ( A 3 . 1 3 0
S in c e  n u m e r i c a l  d i f f e r e n t i a t i o n  a lw a y s  t e n d s  t o  
e m p h a s is e  s m a l l  i r r e g u l a r i t i e s  i n  t h e  t a b u l a t e d  f u n c t i o n  
i t  i s  a d v i s a b l e  when d i f f e r e n t i a t i n g  t o  make u s e  o f  l a s
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l a r g e  an  i n t e r v a l  a s  i s  r e a s o n a b l e ,  s u b j e c t  t o  t h e  
t r u n c a t i o n  e r r o r  o f  t h e  d i f f e r e n t i a t i o n  f o r m u la  u s e d  
r e m a in in g  n e g l i g i b l e .  R e d u c t io n  o f  t h e  i n t e r v a l  f o r  
d i f f e r e n t i a t i o n  w i l l  u s u a l l y  c a u s e  a  l o s s  i n  p r e c i s i o n  
u n l e s s  t h e  num ber o f  s i g n i f i c a n t  f i g u r e s  i n  t h e  t a b l e  c a n  
b e  i n c r e a s e d .
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A. 4 .  An exam ple  o f  t h e  c a l c u l a t i o n  o f  
and  t h e  a v e r a g e  Ka f o r  r u n  No. 1 1 .
£
The v a l u e s  o f  % ( o r i g i n a l  y  v a l u e s  on t h e  a q u e o u s  
c o n c e n t r a t i o n  p r o f i l e s ) , y*  ( d i v i d e d  y  from  y ^  t o  y ^  i n t o
34 e q u i v a l e n t  i n t e r v a l s ) ,  y n ( e q u i l i b r i u m  c o n c e n t r a t i o n ) ,
©
1
y  -  y ,  a r e  e v a l u a t e d  a n d  t a b u l a t e d  on t h e  n e x t  p a g e .yQ -  y
A n u m e r i c a l  i n t e g r a t i o n  b y  u s i n g  S im p lo n ’ s r u l e  h a s  
b e e n  u s e d  t o  e v a l u a t e  t h e  i n t e g r a t i o n  o f  j  —  .
••'yB ~ 7
i n s t e a d  o f  t h e  g r a p h i c a l  i n t e g r a t i o n .
F o r  an  e v e n  i n t e g e r ,  t h e  S im p so n ’ s r u l e  c a n  b e  
w r i t t e n  a s
f b
f  ( x ) d x  =«= | [ f 0  + f Q + 4 ( f 1 + f ,  + . . .  + f ^ )
/3.
+ 2 ( f 2  + f j^ + .
T h e r e f o r e
y 1 4 .3 8
( V m  = I
JO
= x |S U |  x 0.19946 (0.0148 + 0.0110
+ 4 x 0.2145 + 2 x 0.2017)
= 0.062
-2QZ
Hence
(Ka) .  R o R - l Z z
' a v .  h
0 .0 6 2  x 2 0 _x_0-.Q1531u.uo<£ 2? _2” Z2
o 4 x 12'2"
■Z±
12
Q jlP S 2  X 2 0  X 0 . 0 3 3 5 1  X 7 X 5 7 6  x 12 
2 2  x 7 .5 6 2 5  x 34
* 0 ,3 7
T a b le  A 4 .1 .  V a lu e s  u s e d  
= 20 l . / h r .  x-g = o r g a n i c  p h a s e
y T -  y R
A y  = <— _ _  = 0 .A 2  g m . / l .
y  o r i g i n a l x=Xx,+y y e °
g m . / l i t r e y -  34  ’ _Dg m . / l , g m . / l
OoOO 0 . 0 0 4 .4 5 143 0 00
1 .6 7 0 .4 2 4 .5 6 1 4 5 -1 1
3 .0 0 0 .8 5 4 .6 6 147*23
4 . 0 4 1 .2 7 4 , 7 7 1 4 9 .3 1
4 .9 0 1 .6 9 4 .8 7 1 5 1 .4 6
3 .6 3 2 .1 1 4 .9 8 1 5 3 -5 7
6 .3 0 2 .5 4 5 .0 8 1 5 5 .6 0
6 . 9 0 2 i 96 5 -1 9 1 5 7 .6 1
7 .3 0 3 -3 8 5 ,3 0 1 5 9 v62
3 .0 4 3 .8 1 5 • 40 1 6 1 .6 8
8 .5 7 4 .2 3 5 .5 1 1 6 3 064
9 .0 6 4 .6 5 5c 61 1 6 5 •6 0
9 .3 2 5 .0 8 5*72 1 6 7 .5 7
9 . 9 6 5 .5 0 5 .8 2 1 6 9 .5 1
1 0 .3 7 5 .9 2 5 -9 3 1 7 1 .5 0
1 0 . 7 3 6,34- 6 .0 4 1 7 3 .1 3
1 1 .1 3 6 .7 7 6 .1 4 1 7 5 .2 7
1 1 .4 6 7 .1 9 6 .2 5 1 7 7•11
1 1 .7 9 7 .6 1 6 .3 5 1 7 8 .9 5
1 2 .0 7 8 .0 4 6 .4 6 1 8 0 .7 9
1 2 .3 5 8 .4 6 6 .5 6 1 8 2 .7 3
1 2 .6 2 8 .8 8 6 .6 7 1 8 4 .? 4
1 2 .8 5 9 .3 0 6 .7 8 1 8 6 .7 5
1 3 .0 8 9 .7 3 6 .8 8  . 1 8 8 .7 6
1 3 .3 1 1 0 .1 5 6 .9 9 1 9 0 .7 7
1 3 .5 1 1 0 .5 7 7 .0 9 1 9 2 .3 6
1 3 .6 8 1 1 .0 0 7 .2 0 1 9 3 .9 1
1 3 .8 3 1 1 .4 2 7 .3 0 1 9 5 .1 5
1 3 .9 7 1 1 .8 4 7 .4 1 1 9 6 .9 9
1 4 .0 7 1 2 .2 7 7*52 1 9 8 .5 5
1 4 .1 7 1 2 .6 9 7 .6 2 2 0 0 .1 8
1 4 .2 4 1 3 .1 1 7*73 2 0 1 .8 1
1 4 .3 0 1 3 .5 3 7 -8 3 2 0 3 . n
1 4 .3 4 1 3 .9 6 7 .9 4 205.06
1 4 .3 8 1 4 .3 8 8 .0 4 2 0 6 .7 3
i n  t h e  ex am ple  (Run N o .1 1 ) .  
o u t l e t  c o n c .  = 4 . 4 5  g m . / l .
ye y ; ye-y —L_
l b . r m o l /  • # 10l/l b  .m o l /  7 e~y
x».;. I 0 • 3
X f. X u .
6 7 . l l 0 . 0 0  . 6 7 .4 4 0 .0 1 4 8
6 8 .4 4 0 .2 0 6 8 .2 4 0 .0 1 4 7
69 c 43 0 .4 0 6 9 .0 4 0 .0 1 4 5
7 0 .4 3 0 .6 0 6 9 .8 3 0 .0 1 4 3
7 1 .1 3 0 .8 0 7 0 .6 3 0 .0 1 4 2
7 2 .1 3 1 .0 0 7 1 .1 3 0 .0 1 4 0
7 3 .3 8 1 .2 0 7 2 . 1 9 0 .0 1 3 9
7 1 .3 3 1 .4 0 7 2 .9 1 0 .0 1 3 7
7 ir. 28 1 * 60 7 3 .6 8 0 .0 1 3 6
7 6 .2 3 1 .8 0 7 4 .4 3 0 .0 1 3 1
7 7 .1 7 1 .9 9 7 5 .1 8 0 .0 1 3 3
7 8 .1 0 2 . 1 9 7 5 .9 1 0 .0 1 3 2
7 9 .0 3 2 .3 9 7 6 .6 3 0 .0 1 3 0
7 9 .9 5 2 .5 9 7 7 -3 6 0 .0 1 2 9
8 0 ,8 8 2 .7 9 7 8 .0 9 0 .0 1 2 8
8 1 .7 9 2 .9 9 7 8 .8 0 0 .0 1 2 7
8 2 .6 6 3 .1 9 7 9 .1 7 0 .0 1 2 6
8 3 -5 2 3 .3 9 8 0 .1 3 0 . 0 1 2 5
8 4 .3 9 3 .5 9 8 0 .8 0 0 .0 1 2 4
8 5 .2 6 3 .7 9 8 1 .4 7 0 .0 1 2 3
8 6 .1 8 3 -9 9 8 2 .1 9 0 .0 1 2 2
8 7 .1 2 4 .1 9 8 2 .9 1 0 .0 1 2 1
8 8 .0 7 4 .3 9 8 3 .6 8 0 .0 1 1 9
8 9 .0 2 1 .5 9 8 4 .4 3 0 .0 1 1 8
8 9 .9 7 1 .7 9 8 5 .1 8 0 .0 1 1 7
9 0 .7 2 4 .9 9 8 5 .7 3 0 .0 1 1 7
9 1 .1 5 5*19 8 6 .2 6 0 .0 1 1 6
9 2 .1 8 5 .3 9 8 6 .7 9 0 .0 1 1 5
9 2 .9 0 5 .5 8 8 7 .3 2 0 . 0 1 1 $-
9 3 .6 4 5 -7 8 8 7 .8 5 0 .0 1 1 *
9 4 .4 1 5 .9 8 8 8 .4 2 0 .0 1 1 3
9 5 .1 7 6 .1 8 8 8 .9 9 0 .0 1 1 2
9 5 .9 4 6 .3 8 8 9 .5 6 0 . 0 1 U
9 6 .7 1 6 .5 8 9 0 .1 3 0.0115)/
9 7 .1 9 6 .7 8 9 0 .7 1 Q' o0fo
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A 5 -1 . Eddy D i f f u s i v i t y  C a l c u l a t i o n .
20 r u n s  w ere  e x a m in e d .  Runs 1 ,  2 ,  19 and  20 a r e  
g i v e n  a s  e x a m p le s  o f  t h e  Com putor c a l c u l a t i o n .
E qn . ( 8„53»)is s o l v e d  f o r  Em when jfa * CQ +
E i r s t  and s e c o n d  d e r i v a t i v e s  a r e  c a l c u l a t e d  b e tw e e n  
^22*
The v a l u e s  o f  E C q and  and  t h e i r  S . E ! s a r e  
g i v e n .
The E v a l u e  and  S.E* o f  E. a r e  g i v e n  b a s e d  on
e q un .  ( 8 * 5 7 0  &n& ( 8 . 5 9 * ) *
The v a l u e s  o f  Ka a r e  fo u n d  a t  d i f f e r e n t  v a l u e s  o f  z 
u s i n g  t h e  d e t e r m i n e d  v a lu e s  o f  Cq and  G^.
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THE EDDY DIFFUSIVITY CALCULATION
1 . . . ' ■■•.'; >
THE FIRST (ADJD.) AND SECOND DERIVATIVES OF PTS. Yla TO Yaa.
0*21 —0.200428
O.I9 -O.I95852
O.X7 —0.208866
o * i 6 —0.190578
0.14 / . —O.I7X768
° * x 3 4 ° 5  •
o * i  2 . -0.225278 '
O.XX —O.X2O7O9 ' /. 7
O.XO —0*092712
0.09 —0.067607 ■
0.08 —O.O66938
VALUES OF E*, Co* Cx OF KA EQ, AND GOV* OFCo, Cx
6.7 0.03920 —0.01712 —0.00074 —0.00074
S. *E. OF E*'Co, Cx, CALTD* E, AND THE S. E« OF E.
3.6 0.006 0.003 o.o 0.5
GAL* VALUES OF KA Z^o^o.x> 0 .2 .0 .3 .• •■•♦x*oH*
0.04 0.03 0.03 0.02 0*02 o.ox
0.02 0.02 0.00 —0.00 —o.ox
2 - ■■ . ■ ... ■■; ■■-.- •
THE FIRST (ADJD.) AND SECOND^ DERIVATIVES OF PTS. Yia TO Yaa.
0 . l6  —0.226292
0.15 -0.199353
0.13 -0.182393
O.X2 —0.263981
O.XO wo.X52384
0.09 -0.14x364
0.08 —0.221829
0.07 —O.Ix9607
0.06 —0.223454
0.05 -0.1001x8
0.04 —0.08 4807
VALUES OF E*, Co, Cx OF KA EQ, AND COV. OFCo/Cx
—i x . 8 0.03x69 -0.01705 -0.00316 —0.003x6
S. E. OF E* Co, C2, GALTD* E, AND THE S. E* OF E.
4.0 o.oxo 0.004 0.3 x.o
CAL* VALUES OF'KA —1+*0,0 .1 ,0^2 ,0*3 ,«*..x .oH .
O.O3 O.O3 0 . 0 2  0 . 0 2  o.ox o.ox
0.00 —0.00 —O.OX —O.OX —0 . 0 2
2 0 6
*9 ' : v  v i  v', vv :; '
THE FIRST (ADJD.) AND SECOND DERIVATIVES OF PTS. Yla TO Y3 3 .
;  ^  ^ 4.98 —6.978543
4.90 —0*938x33
4.83 ^1.013447 ■
4 * 7 3  ' ' / ■ .001444 V
4 * ^ 5  -0.954556
4*57 —1.014084
4 « 4 9  : ■: - -0.973405
4*4* —0.938991
4*32 ' —1 .0 9 9 m  ■ r
4; 34 -0.919894
4.16 —0.934001
VALUES OF E*, Co, Cx OF KA EQ, AND COV. OFCo, Cx
8.0 :3.08173 —0.63385 —0.00051 —0.00051
S. E. OF E* Co, Cx, CALTD. E, AND THE S. E. OF E.
.37 .4  0.199 0.053 4.4 3.4
CAL. VALUES OF KA Z=o,0 .1 ,0 .3 ,0 .3 * **+*x.oH»
:3.08 x.90 2.73 : x.54 x.36 x.x8
x .00 0.83 0.65 ©.47 0.39
30 - ;
THE FIRST (ADJD.) AND SECOND DERIVATIVES OF PTS. Yx3 TO Yaa.
5.38 —0.699473
5.33 -0.8x4981
5 * 1 5 -0.8735775.07 -0.905306
4.99 —P»9 ^ 7 5 4 7
4.9X —i .066796
4.83 ' —x .133631
4.73 —1.176396
4.63 —2^383096
4.51 —x.333X36
4.4© -1.438534
VALUES OF E*, Co, Cx OF KA EQ, AND COV. OFCo, Cx
— 43;3 * 3.66433 —O.9 5773 0*00X03 0.00X03 ,
S. E. OF E* CO, Cx, CALTD. E, AND THE S .  E . * OF E.
114.5 0^333 0.358 8.8 4.8
CAL* V ALU EC OF KA Z*5©,©.! ,©.3,0.39 «»»«x .©H.
13.66 ‘3.39 : 3 .X3 1.85 | 1.58 1.31
x.04 0.76 o . 49 ©i33 1 —©.05 *
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A 5 .2 .  Eddy D i f f u s i v i t y  C a l c u l a t i o n .
20 r u n s  w ere  ex am in ed -  Runs 1 ,  2 ,  19 and  20 a r e  
g i v e n  a s  e x am p le s  o f  t h e  c o m p u te r  c a l c u l a t i o n .
E q u a t io n  ( 8 a53«») i s  s o l v e d  f o r  E* w here
Ka = Cq + C^z ...t , ^ 2 z2
F i r s t  a n d  s e c o n d  d e r i v a t i v e  a r e  c a l c u l a t e d  b e tw e e n  
y 12 and  y 2 p .
The v a l u e s  o f  E * , Cq , C^, C^ and t h e i r  S . E ' s  a r e  
g i v e n  b a s e d  on e q u a t i o n  (8 * 5 7 * )  and  (8*59  ) .
The v a l u e a  o f  Ka a r e  fo u n d  a t  d i f f e r e n t  v a l u e s  o f  z 
u s i n g  t h e  d e te r m in e d  v a l u e s  o f  Cq, and  G^,
THE EDDY D IF F U S IV IT Y  CALCULATION
i  ' ;
■THE FIRST (ADJD.) AND SECOND DERIVATIVES OF PTS. Yia TO Yaa.
0 . 3 2  —Oi 3OO438
O . I 9 —0*295851
0.17 - o ; 308866
0*26 —0*290578
0*14 —0*272768
O .I3 -0.251405
0 . 2  3 —0*235378
0 * 2 2  —0 * 2 3 0 7 0 9
V: : ' ’ 0 * 2 0  "— 0 * 0 9 3 7 2  3 :
0*09 —0*067607
0.08 —0*066938
VALUES OF E*, Co, C2 , C3 OF KA EQ.,
6*7 0*03920 -0*02722 —0*00002
S. E.' OF E*, * CO, Cl r  C3  ^ ; CALTD E, AND THE S. E. OF E
4*0 0.006 0*003 0*000 o*o 0.5
cal* values o f ka z s=o ,o* 2 ,o* 3 ,© .3 *****2 *oh*
0*04 0*03 0*03 0*03 0*03 0*02
0*02 0 .0 2  0 * 0 0 —0*00 —0*02 * *
3 ' - fY. 7
'THE FIRST (ADJD.) AND SECOND DERIVATIVES OF PTS. Yia TO Yaa.
0.2 6 —0^36393
0.15 , -0.299353
0.13 -0.283393
0 . 2 3 . -^0*263981
0*20 -0.253384
0*09 -0*242364
O.08 ■. -0*232839
0*07 -0.229607
■r I. 0*06 1 ■ -0*2334540*05 -0.200228
0.04 —0*084807
VALUES OFE*, Co, Cx, Ca OF KA EQ*.
—I I . 8  0.03166 —0.0170a —0.00001
S. E. OF E*j Co, Cl, Ca, CALTD E, AND THE S . E. OF E
4.4 0.022 0.005 0*000 0*3 2*0
CAL* VALUES OFqKA Z**©,0*2,0*3, o*3^****2*oH*
O.O3  0 * 0 3  0 * 0  3 0 * 0 3  0 * 0 2  0 * 0  2
0.00  —0*00 —0*02 —0*02 - 0*0 3
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THE F IR S T  (A D J D *)  AND SECOND DERIVATIVES OF P T S . Y x 3 TO Y a s *
4.98 -0.978543
4 *9 ° -0.938x33
4 * ^ 3  -1*0x3447
4*73 —1.001444
4 * 8 5  - 0 * 9 5 4 5 5 6
4 * 5 7  -1.01 4084
4*49 -0.973405
4.4X -0.938991
4*3^ -x.099111 ■ .
4 ; 3 4  - 0 . 9 x 9 8 9 4
4 . 1 6  - 0 . 9 3 4 0 0 1
VALUES OF £ * ,  Co, Cx, Ca OF KA E Q . , ■
7* a :3*07763 —0.63354 -0.00036
S. E. OF E*, Co, Cx, Ca, CALTD E, AND THE S . E. OF E
46.3 0.335 0.086 0.005 4*4 4*1
CAL* VALUES OF KA Z ~ o ,o . i ,0 . 3 , 0 . 3 , ••••x*oH*. *
: 3*08 1.90 . x .73 1.54 1*36 : x.x8
x.oo 0.83 0.64 0*46 0.38
3 0  " ■ " • •
THE FIRST (ADJD.) AND SECOND DERIVATIVES OF PTS. Yia TO Yaa.
5 * 3 8  —0 * 6 9 9 4 7 3  .
5 ; 3 3  . - o . 8 x 4 9 8 1
5 * J 5 —0 . 8 7 3 5 7 7
5 * 0 7  - 0 . 9 0 5 3 0 6
4.99 -0.967547
4.91 .-1*066796
4*83 —i . 133631
4.73 -1*176396
4*63 —1^383096 •
4.51 ^ -j-x. 3 33X36
4* 40 -1*438534
VALUES OF E*, Co, Cx, Ca OF KAEQ., ✓
—44ia “3*66054 —0.95839 —0.00039
S. E. OF E*, Co, Cx, Ca, CALTD E, AND THE S* E. OF E
x 7 4.4 0.340 0.393 0.008 8.8 7*4
CAL* VALUES OF KAZ—O jO.ijO .3 , 0 . 3 , . •••x .oH .
: 3 * 6 6  ;ip 3 * 3 9  /0 ;y3 *X3 : 1*85 * . 5 7  1.30
.1 .03  0.76 0.49 , o iaa ©*o6 '
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A S-3* Eddy D i f f u s i v i t y  C a l c u l a t i o n .
20 r u n s  w ere  e x am in e d . Runs 1 ,  2 ,  19 and  20 a r e  
g iv e r ,  a s  e x a m p le s  o f  t h e  c o m p u te r  c a l c u l a t i o n .
E q u a t io n  ( 8 053c) i s  s o l v e d  f o r  E* w here
Ka = C0 + C1 z + C2 z 2 + C ,z 3
F i r s t  and  s e c o n d  d e r i v a t i v e s  a r e  c a l c u l a t e d  b e tw e e n  
y 1P and  y 2 2 .
(The v a l u e s  o f  E * , Cq , C-^, C2 v and  t h e i r  S . E ’ s  a r e  
g i v e n *
The E v a l u e  and  S .E .  o f  E a r e  g i v e n  b a s e d  on 
e q u a t i o n s  ( 8 * 5 7 )  and (8*!59o)»
The v a l u e s  o f  Ka a r e  fo u n d  a t  d i f f e r e n t  v a l u e s  o f  z 
u s i n g  t h e  d e te r m in e d  v a l u e s  o f  Cq, C-^, C2 and  C .
THE EDDY D IF F U S IV IT Y  CALCULATION
THE FIRST (ADJD.) AND SECOND DERIVATIVES OF PTS. Yia TO Yaa.
o ia i
0.19
,0.17 . ; v
■■■" 0*16 ■ ■
°* 1 4 
0 .1 3  .
0 .1 2 ;
■ . V '
O.XO
0*09
0.08
VALUES OF E», Co, Cl, Ca,
. —0^200428 
—0*195851 
—0*208866 
-0*190578 
—0*171768 
-0.X5X405 
—0*125278 
-0*120709 
-0.0927x2 
—0*067607 
—0*0669 38
C3 OF KA EQ., AND CALTD. E
—o ; 2 0*036x2 —0 * 0 1 8 1 3 —0.00570
° * ° ° 3 3 5  
S. E* OF E*, Co, Cx, Ca, C3
94.0 0*579 1*4x5 1*019 0^232
cal.  values of ka Zsso,OfcX,o*2jjO*3^,. . . .x .o H *
0 .1
0.04
0*01
0.03
0.00
0*02
0*00
0 .02
O.OX
o.ox
0*02
O.OI
2
THE FIRST (ADJD.) AND SECOND DERIVATIVES OF PTS. Yia TO Yaa.
0 . 1 6  
O .1 5  
0 . 1 3  
O.I 2
O.XO 
0 . 0 9  
0 . 0 8  
0*07 
0 . 0  6  
0 . 0 5  
© |0 ^
—0^226292 
“ 0^X99353 
-0,182393 
-0*163981 
-0.152384 
-o .x  41364 
-0*121829 
-0*1x9607 
—0*123454 
-0*1001x8 
—0,084807
VALUES OF E*, Co, Cl, C2, C3 OF KA EQ• , ^AND CALTD. E
0*2 0.1x244 -0 .12177 '
-0.00828 - * * * “
S . E. OF E*, Co, Cl, Ca, C3
0*04958
105.x 1.157 -a .iox  1.401 0*3x8
CAL. VALUES OF KA Z=o,o.1 ,o*2*o . 3 * . . . . 1 *oH.
0*2
Oixx 0*08 0,06 0*04 • 0*03
0*OX 0*00 - 0 * 0 1 —0*0x —0*02
0 .02
212*} ■
19
THE F IR S T  (A D J D .)  AND SECOND DERI VA TI VES OF P T S . y i  a • TO Y a a .
4.98 
4.90 
4 .  83 
4 * 7 3  
4*^5 
4 * 5 7  
4. 49  
4. 41
4*3*
4*^4
4*16
-0 .978543  
—0.938x33 
-x .013447 
, *x .oox 444
—©•9 54556 
„ —I .ox 4084 
-0 .972405 
, —0.938991 
-x  .0991x1 
-0 .9x989  4 
—0.9 24001
VALUES OF E*, Co, Cx, C3, C3 OF KA EQ.,  AND CALTD. E
- 1 . 5  3 . 9 4 X30 *T2 i  280OO 0 . 8 5 x00
—O. X 30 40 • 1
S .  E .  OF E*, Co, CX, C2, C3
626 .9  3 0 .8 0 4  6 4 .6 2 8  45 .895  1 0 .7 1 5
CAL. VALUES OF KA Z ~ o , o . x , o . 2 . 0 . 3 ,  • ••<*x.oH.
5 -6
: 3 . 9 4
0 . 8 8
30
a .  36 
0 . 7 5
1.90
0 . 6 3
* •5 4
0 .5 0
1 . 2 , 6
©•35
1 .0 5
THE FIRST (ADJD.) AND SECOND j DERI VATI VES OF PTS. YX2 TO X 2 2 .
VALUES
$ .  38  
5**3
5*x5
5*°7
4 . 9 9
4 . 9 1
4 . 8 3
4*7*
4 . 6 3
4*5^ 
4 .  4© 
OF E*, Co , Cx, O2,
-0 .6 9 9  47* 
-o .8 x  4981 
—0.872577 
-0 .905206  
.-0.967547 
—I .06679 6 
-•I .133631 
*1.176296 
^ 1 ^3 8 3 0 9 6  
—x .333X26 
>-x .428534 
C 3 O F  KA EQ AND CALTD. E
*3.89700 x .08300**I 5 . 7 3.86240
-0 .17650
S .  E .  OF E*,  Co, CX, C2 , C3
554.7 9.308 : 3i.33X 14.934 3*495
CAL. VALUES OF KA Z = © , o . x , o . 3 , 0 . 3 , . . . . x . o H .
7 .2
3 .86  
x .20
► X 2 
,00
3 .54
0.80
3.07
0.59
1.71
©*33
1 * 4 3
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A5»4<j Eddy D i f f u s i v i t y  C a l c u l a t i o n *
M ethod (4-) f o r  C o m p u ta t io n  i s  d e s c r i b e d  i n  s e c t i o n  
9 * 2 . ,  p . m .  The f o l l o w i n g  g iv e  e x a m p le s  f o r  r u n s  fc and  
20 o f  t h e  c o m p u ta t io n ,  f h e  m ethod  d e p e n d s  on c h a n g in g  
s l i g h t l y  p r o g r e s s i v e l y  t h e  c o n c e n t r a t i o n  p r o f i l e  (y  vs. z )  
b y  u s i n g  a  m u l t i p l y i n g  f a c t o r ,  e . g .  0 . 9 5  t o  1 .0 4 .
E qn . (8 * 5 3 * )  t o r  E>s i s  u s e d  and
Ka = Cq + C^z + C2 Z2 + C^z3
V a lu e s  f o r  E a r e  o b t a i n e d  by  Eqn. ( 8 * 5 7 * ) # g a  v a l u e s  a t  
d i f f e r e n t  z v a l u e s  a r e  o b ta in e d *
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°«95  : '
THE FIRST (ADJD.) AND SECOND DERIVATIVES OF PTS.  Yxa TO Yaa .
o * 6x - 0 * 3 5 9 6 8 3
0 * 5 8  - 0 * 3 3 5 1 3 1
o *5 5  - 0 , 3 1 9 0 3 4
o *53  - 0 * 3 9 5 3 ^ 9
0 * 5 0  .  . - 0 * 3 7 8 4 5 3
0 * 4 8  -o* 3 7 9 8 8 5
\  0 * 4 5  - 0 . 3 7 9 9  I I  • '-//.;/■
o * 43 -0*389537
0*41 —o* 39000 6
0^38 -0*367137
0*36 -0*341833 *
VALUES OF E*, Co, Cx# C3 ,  C3 OF KA<EQ*# AND CALTD. D .
6*o 0*30660 , -0*38400  0 ,1 6 4 0 0
- 0 . 0 3 7 3 0  ~ - 0 . 4
CAL* VALUES OF KA< Zsso,o*x#o*3#o-*3^****x*oH*
o * 3X 0*14  0 , 0 9  0*06 0*04  0*03*
o*ox —o*oo -0 * 0 3  ••0*07 —0*13*
0 , 9 6  .
VALUES OF E * $ Co* ..Ox# O s ,  G j/O F  AND CALTD. D
0*9 0*1x350 -0 .X 01 7 0  0*04360
-o  *00908  0^*3 •
CAL* VALUES OF KA'Zc= o , o * x # o . 3 ,o i.3# .***x*oH *
o*xx 0*09 0*07 0*05 0 , 0 4  0*63
O *03 0*01 0*00 - o . o x  -0 * 0 3
0.97- -  .
VALUES OF E*, Co# Cx, C3, C3 OF KA'EQ*,. AND CALTD. D
3*8 0*14640 -0*169x0 0*08700
-0,01900 0*4 /
CAL* VALUES OF KA 1 Zs=o#o*x#o*3#o*3#****x* oH.
0*15 o*xx 0*08 0 . 0 5  0 , 0 4  ^0*03 *
0*03 o .o x  - 0 , 0 1 - 0 * 0 3 - 0 * 0 7
o * 98
VALUES OF E*# Co, Cx# C3 # C3 OF KA1 EQ*# AND CALTD* D :
x*6 0 .1 3 4 0 0  -0*1 3 33 0  0*05740
... —0 ,0 x 3 4 5  •' ' ~ • ■-
CAL* VALUES OF KA < Z - o ,o * x ,o * 3 ,o y 3 # * * * * x  *oH*
O.X3 0*09 0*07 0*05 O.O4 0*03-
0*03 0*01 . - 0 * 0 0  - 0*03 —0*04
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.0 .9 9
VALUES OF E*, Co, Cx, Ca, C3 OF KA«EQ*, AND CALTD. D
1 .7  0 .1 3 8 7 0  -0*13250  0106450
■ - 0 .0 1 3 8 0  . " t**'* - 0*3
CAL* VALUES OF KA> Z - o , o . x , o .  3 ,0*3 ,- . . . . x . o H .
0.13 o*xo 0.07 0.05 0*04 0*03 •
0.02 o.ox -0.00 —0*03 —0.04
. 1.00 . • - .
VALUES OF E*, Co, Cx, Ca, C31 OF KA‘EQ., AND CALTD. D
0.7 0*105x0 -0.08580 0.03830
-0.00741 -ova-
CAL. VALUES OF KA * Zsso,o«x,o«2,0*3****-*£*oH«
o.xx 0.08 0.07 0.06 0*05 0.04
0.03 0.03 0.03 0*01 0.00
. 1 .01 -  ■ -:= ■
VALUES OF £*,. Co, Cx, Ca, C3 OF KA«EQ., AND CALTD. D
o.x 0.09550 -0*07x30 0.02460
—0.00468 0*3 ~
CAL* VALUES OF KA'Zs o ,o « x ,o .2,0*3i* . . .x .o H .
o.xo 0.08 0.06 0*05 0*04 0*03 -
0.02 o.ox o.ox —0.00 —0*03
. x.oa ■ ■.
VALUES OF E*, Co, Cx,: Ca, C3 OF KAf EQ*, . AND CALTD. D
x*3 o.xx8oo -0.10850 0*04840
-0.01049 0*3•
CAL* VALUES OF KA‘Z ^ ,o * x fa .3 ,0 * 3 * . . .*x*oH.
O.X2 0.09 0*07 0.05 0.04 0.03
0*02 o.ox - o . o o - o . o a  -0*04
1.03  ^" ■ —
VALUES OF E* , Co, . Cx, Ca, C3 OF KA < EQ* » . AND CALTD. D
i * 4  0.1x830 -0.XI070 0.05320
-0.0x153 0.3 - ~
CAL. VALUES OF KA‘Z=so , o . i , o . 2 ,o * 3 , . .* .x .o H .
O.X2 O.O9 0.07 0.06 0.04 O.O4
0 . 0 3  0 . 0 2  O.OX -O.OX -O.O3
1.04 ~
VALUES OF E*, Co, Cx, Ca, . C3 OF KA • EQ. ,  AND CALTD. D
o.8 0.10500 -0.09370 0.04250
-0.00820 ;0*3
CAL* VALUES OF KA<Z -o ,o»x ,o»2 ,o*3^ ....x .oH .
o.xx 0*08 0*06 0*05 0.04 0*03 *
0 . 0 3  0 . 0 3  0 . 0 2  O.OX —O.OI
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THE F IR S T  (A D J D .)  AND SECOND DER IVATIVES OF P T S . Y i 2 T O- Y a a *
5*2 8 * - 0 . 69 9 4 7 2
5*22 - 0 . 8 1 4 9 8 1
5 * 1 5 - 0 . 8 7 2 5 7 7
5 . 0 7  . ^ - 0 . 9 0 5 2 0 6
V; 4 * 9 9  _ - 0 . 9 6 7 5 4 7
4 . 9 1  - 1 . 0 6 6 7 9 6
4*82 - 1 . 1 2 2 6 3 1
4 * 72 ■ - 1 . 1 7 6 2 9 6
4 . 6 2  - 1 . 2 8 3 0 9 6
4 * 51 - 1 . 3 2 2 1 2 6
4 .  40 - i • 4 2 8 5 2 4
VALUES OF E*, Co, C i ,  Ca,  C3 OF KA E Q . , AND CALTD. D .
- 1 0 . 6  4 .098  40 - 3 .3 0 4 0 0  1 .29100
- o . 21920 7 .7
CAL. VALUES OF KA Z = o , o . i , o . 2 , 0 . 3 , • • ♦ • i . o H .
4 .1 0  3 .26  2 . 6 o 2 .0 9  1 .6 9  1 .3 9
1 .1 4  0 .91  0 .6 9  0 .4 3  0 .1 3
0 .9 6  •
VALUES OF E*, Co, C i ,  Ca, C3 ,0F KA EQ., AND CALTD. D
- 1 5 . 6  4*23540 - 3 .8 0 0 0 0  1 .57000
-o  •28990 10 .0
CAL. VALUES OF KA Z=o , o « i , o . 2 , o * 3 t * * * * i * o H »
4 .2 4  3 .28 2 .5 3  , 1 . 9 6 '  1 .5 3  1 .18
0 . 8 9  0 .6 1  o . 31 - o . 0 5 - 0 . 5 3
0 . 9 7 -
VALUES OF E*, Co, C i ,  Ca, £3 OF KA EQ., AND CALTD. D
-11 *1 3*99700 -3.29IOO, . 1 .2 11 0 0  .
7 0 . 2 0 1 3 0  9 . 8 ,
CAL. VALUES OF KA Z = o , o . i , 0 . 2 , 0 . 3 , • • • • i . o H .
4 .0 0  3 .16  2•48 i*95  1*53 1 .1 9
0 .9 1  0 . 6 6  0 .41  0 . 1 4  - 0 . 1 8
0 .9 8
VALUES OF E*, Co, C i ,  Ca,  C3 OF KA EQ.,  AND CALTD. D
- 2 1 . 3  4 .36900  -4 .07000! 1 .84800
- o . 35920 8 .8
CAL. VALUES OF KA Z=o, o . i , o .  2;,o • 3, . . . .  1 . oH.
4*37 3*3^ 2 *59 1 2 .0 2  1 .61 1 .2 9
1 .0 3  0 .7 6  0 .4 6  0 . 0 5 - 0 . 5 0
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VALUES OF E*, Co, Ci, C2, C3 OF KA EQ., AND CALTD. D
-14.8 4*°337° “ 3* 36700 1*33300
-0.23430 9.0
CAL. VALUES OF KA Z=o, o•1 ,o•2 ,o• 3 , • • • . i • oH.
. 4*03 3.18 2.51 i .99 i.59  1.27
i .01 0.77 0.52 0.23 -0.13
1.00
VALUES OF E*, Co, Ci, C2, C3 OF KA EQ., AND CALTD. D
-15.7 3.86240 -2.89700 1.08300
-0.17650 • 7.2
CAL. VALUES.OF KA Z=o,o .i,o . '2 ,o .3„ .♦ . . i .o H .
3.86 3.12 2.54 2.07 1.71 1.43
1.20 i .oo  0.80 0.59 0.33
1 .01
VALUES OF E*, Co, Ci, C2, C3 OF KA EQ., AND CALTD. D
-12.6 3.84270 -2.93400 1.10200
- 0 .1 8 2 9 0  7 .8
CAL. VALUES OF KAZ=o,0 .1 ,o .2 ,0 . 3 , * . . . i.oH.
3.84 3.10 2.50 2.03 1.67 1.38
1.14 0.93 0.72 0.49* 0.22 •
1.02 >
VALUES OF E*, Co, Ci, C^, C3 OF KA EQ., AND CALTD. D
- 1 4 . 1  3. 74170 -2.84900 0.98800
- o . i 5410 ' 9.2
CAL. VALUES OF KA Z = o ,o .i , 0 . 2 , 0 . 3 , • • .♦ i .o H .
3.74 3.01 2.42 1.94 1.56 1.25 . :
1.00 0.78 0.57 0.35 0.10
> 1.03
VALUES OF E*, Co. Ci, C2, C3 OF KA EQ., AND CALTD. D
-21.4 3.99910 -3.47700 1.38300
-0.25290 10.6
CAL. VALUES OF KA Z = o , o . i , o . 2 , o . 3 , . . . . i . o H .  1
4.00 3.12 # 2.43 1.89 1 * 4 7  1.13
0.84 0.57 0.28 -G.07 -0.50
1.04
VALUES OF E*, Co, Ci, C2, C3 OF KA EQ., AND CALTD. D
-15.7 3.85460 -3.20200 1.24000
-0.21490 ' 9.8
CAL. VALUES OF KA Z=o,0 .1 ,0 .2 ,0 • 3 ,•  • • •1 .oH.
3*85 3.04 2.40 1.90 1.51 1.20
0.94 0.71 0.46 0.19 -0.15 r:
